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ANALYSIS OF THE RECOVERY OF EDGES IN IMAGES AND
SIGNALS BY MINIMIZING NONCONVEX REGULARIZED
LEAST-SQUARES*
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Abstract. We consider the restoration of discrete signals and images using least-squares with
nonconvex regularization. Our goal is to find important features of the (local) minimizers of the
cost function in connection with the shape of the regularization term. This question is of paramount
importance for a relevant choice of regularization term. The main point of interest is the restoration
of edges. We show that the differences between neighboring pixels in homogeneous regions are smaller
than a small threshold, while they are larger than a large threshold at edges: we can say that the
former are shrunk, while the latter are enhanced. This naturally entails a neat classification of
differences as belonging to smooth regions or to edges. Furthermore, if the original signal or image is
a scaled characteristic function of a subset, we show that the global minimizer is smooth everywhere
if the contrast is low, whereas edges are correctly recovered at higher (finite) contrast. Explicit
expressions are derived for the truncated quadratic and the “0-1” regularization function. It is
seen that restoration using nonconvex regularization is fundamentally different from edge-preserving
convex regularization. Our theoretical results are illustrated using a numerical experiment.
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1. Introduction. We consider the classical inverse problem of the finding of an
estimate & € RP of an unknown image or signal x € R?, based on datay = Az+n € RY,
where A € R?7*P accounts for the data-acquisition system and n for the noise. For
instance, A can be a point-spread function modelling optical blurring, a distortion
wavelet in seismic imaging and nondestructive evaluation, a Radon transform in X-ray
tomography, a Fourier transform in diffraction tomography, or the identity in denois-
ing and segmentation problems. To solve such a problem, we focus on regularized
least-squares methods where & € RP minimizes a cost-function 7, : R? — R of the
form

(L.1) Fy(x) = ||Ax — y|* + 62(2),

where ® is a regularization term and 3 > 0 is a parameter which controls the trade-
off between fidelity to data and regularization. Such cost-functions are classical in
variational methods and in Bayesian estimation; an overview of these approaches can
be found in [4, 10, 3]. In a statistical setting, the quadratic data-fidelity term above
supposes that the noise n is white and Gaussian. The role of ® is to push & to exhibit
some a priori expected features, such as the presence of edges and smooth regions. A
useful class of regularization functions is [4, 14, 9, 3]

(1.2) P () :Z@(g?m)v J={1,...,r},
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TABLE 1.1
Commonly used PFs ¢ where o > 0 is a parameter.

Convex PFs

Smooth at zero PFs Nonsmooth at zero PFs
() e =14*,1<a<2 [4 () o) = 14, 36)
(2) o) =vat? [41]

Nonconvex PFs

Smooth at zero PF's Nonsmooth at zero PFs

(f4)  ¢(t) = min{at?, 1} [26, 5] (f8) ) =t*,0<a<1 [37]
at? alt|

5 t)y= — 18 f9 t) = 15
B olt)= o it ®) o0 =15 15
(f6)  (t) = log(at? +1)  [20] (£10)  (t) = log(alt| + 1)
(f7)  o(t) =1 —exp(—at?) [22, 34] (f11)  (0) =0, p(t) =1ift#0 [22]

where g; € RP, for ¢ € J, are difference operators and ¢ : R — R is called a potential
function (PF). In the following, the letter G will denote the r x p matrix whose rows
are gl for i € J. A basic requirement to have regularization is

(1.3) ker(A) Nker(G) = {0}.

Many different PFs have been used in the literature; some relevant examples are
given in Table 1.1. Although PFs differ in convexity, boundedness, differentiability,
etc., they share some common features. A general assumption is the following.

H1. ¢(t) = ¢(—t), ¢ is C% on (0,4+0), and ¢'(t) > 0, for allt > 0, and p(0) = 0
s a strict minimum.

Edges in images and breaking points in signals concentrate critically important
information. Hence we have the requirement that ¢ leads to minimizers & involv-
ing large differences |g' 2| at the location of edges in the original signal or image
and smooth differences elsewhere. The very first regularized cost-function was in-
troduced in [40] and corresponds to o(t) = t2; it is well known that this PF entails
oversmoothing of edges. Since the pioneering work of Geman and Geman [17], differ-
ent nonconvex functions ¢ have been considered in either a statistical or variational
framework [26, 18, 4, 34, 15, 16, 23, 3]. The relevant minimizers provide solutions
with neat edges and well-smoothed homogeneous regions. However, they are awk-
ward to compute, to control, and to analyze. In order to alleviate these intricacies, a
considerable effort has been made to derive conver edge-preserving functions ; see,
for instance, [39, 19, 21, 36, 6, 9]. These PFs have an almost linear growth beyond an
interval surrounding the origin—see (f1), (£2), and (£3) in Table 1.1—and they realize
a considerable improvement with respect to o(t) = t2. Nevertheless, possibilities are
limited with respect to nonconvex PFs. Research on nonconvex PFs is mainly dedi-
cated to the Mumford-Shah model for signals and images defined on R and R?; see,
e.g., [27, 25, 24]; its discrete equivalent is (f4). For general nonconvex PFs, various
necessary conditions and heuristics have been formulated; let us cite [15, 23, 9]. In
this paper we derive formal results characterizing the (local) minimizers & of F, when
 is nonconvex according to the assumptions listed below.

H2. There is 0 > 0 such that ¢’ (0) < 0 and lim;_. ¢”(t) = 0.

A critical distinction between PFs is their smoothness at zero since ¢’'(07) > 0
gives rise to (local) minimizers & such that g7 # = 0 for some indexes i € J [30, 32].
For smooth regularization we assume the following.
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TABLE 1.2
Second derivatives "' for the nonconvexr PFs in Table 1.1.

" on R* for nonconvex PFs

Smooth at zero PFs

Nonsmooth at zero PFs

(f4) (p,,(t):{m if |t <1/Va

0 if ¢ >1/Va
wom  20(1 — 3at?)
) ") = A ta)E
o 1—2a7%2
(f6) ") = U+ a2

(18) ') =ala—D|t|* 2, 0<a< 1

PR —2a?

f9) ") = RET
a2

(f10)  ¢"(t) = T alt)?

(f7) " (t) = 2a(1 — 2at?) exp(—at?) (f11) ") =0

H3. " is C?, and there are T > 0 and T € (1,00) such that ©" (t) > 0 ift € [0, 7]
and ©"(t) <0 if t > 7, where ¢ is decreasing on (7,7) and increasing on (T ,00).

For nonsmooth regularization, the equivalent counterpart of H3 is the following.

H4. ¢/(07) > 0 and ¢" is increasing on (0,00) with ¢"(t) <0 for all t > 0.

As seen from Tables 1.1 and 1.2, these assumptions are satisfied for almost all
nonconvex PFs used in practice. They can be extended to other classes of functions,
too. However, all of them fail to hold for the truncated quadratic PF (f4) and the
“0-1” PF (f11); these PF's are considered in separate statements.

The objective of this paper is to exhibit important properties of the minimizers &
of cost-functions F, of the form (1.1)—(1.2) when ¢ is nonconvez as specified above.
Let us notice that although solutions to various applied problems are usually defined
as the minimizers of cost-functions, the features of the minimizers have seldom been
the focus of systematic analysis. And yet, this question is of critical importance for
a pertinent choice of cost-function. Generic stability of the (local) minimizers of F,,
when ¢ is nonconvex as specified above, has been studied in [12, 13]. The question
of the properties of minimizers for some convex cost-functions has been addressed by
[1, 11, 2, 7, 35, 38, 8]. For more general cost-functions, it has been considered by the
author in [28, 30, 31, 33].

Outline of the paper. The simple case when F,, is a scalar function, studied in
section 2, gives an instructive insight into the features of the minimizers relevant to
nonconvex PFs as specified above. In section 3 we analyze how differences g7'# at a
(local) minimizer & of F,, either are enhanced and form edges or are shrunk and form
homogeneous regions. More precisely, we show that there are two thresholds, 6y > 0
and 6; > 6, such that shrunk differences satisfy |gl #| < 6y, while enhanced edges
satisfy |gF'2| > 0;. Equivalently, this result says that |g7#| ¢ (09,61) for all i € J.
Given a (local) minimizer & of F,, the subsets Jo and Jy,

(1.4) Jo={ieJ:|gl2| <6y} and J={ieJ:|gTe|>0},
satisfy J = jo U jl, and they address the homogeneous regions and the edges in z,
respectively. It turns out that if ¢ is smooth at zero, we have 6y > 0, so homogeneous

regions are smoothly varying. If ¢ is nonsmooth at zero, we find 6y = 0, which means
that differences satisfy either g/'# = 0 or g7 #| > 61, where 6; > 0. In such a case,

(1.5) Jo={ieJ:gfi=0} and Jy={ieJ:|g7z|>6}=J\Jo
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If {g; : i € J} are first-order differences between neighboring samples, homogeneous
regions are constant: regularization using nonsmooth nonconvex PFs entails an en-
hanced stair-casing effect!

Let us denote

Q={1,...,p},

which is the domain of the signal or the image x. In section 4 we study how an original
image or signal of the form hlly, where h > 0, the sets ¥ C Q and X¢ = Q\ X are
nonempty, and 1y € RP reads

(1.6) I fi] = 1 if 1€,
' =0 it e\ 3,

is recovered at the global minimizer & of F, when y = A hly and {g; : i € J}
correspond to first-order difference operators. We show that there is hg > 0 such that
if h € (0, hg), we have |gl'2| < 6 for all i € Q, so the global minimizer & of F, does
not involve edges and is constant if ¢ is nonsmooth at zero. Furthermore, there is
h1 > hg such that if b > hq, the global minimizer & is a good approximation of the
original hly since |g7'2| > 6, for all i such that |g] hills| = h, whereas |g]'¢| < 6y for
all i such that |g7 hlx| = 0.

Our theoretical results are illustrated using a numerical experiment in section 5.
By way of conclusion, in section 6 we provide a further interpretation of the obtained
results. We also compare the minimizers relevant to nonconvex PFs ¢ with those
corresponding to convex edge-preserving PFs. The proofs of all propositions and
lemmas are outlined in the appendix.

Notation. The components of a vector x € RP read z[i], for i € €, and its
support is supp(z) = {i € Q : z[i] # 0}. We denote by ||.|| the ¢e-norm; so |z| =
o>r [i]2)2 for z € RP. If A is a real-valued matrix, A7 is its transpose, and
we recall that the largest eigenvalue of AT A is [|[AT A|; the smallest eigenvalue of
AT A will be denoted by aupin. The letter I will stand for identity matrix. If K is a
vector (sub)space, we write K+ for its orthogonal complement and define B(Z, p) =
{z € K : ||z — || < p}. The cardinality of a discrete set L is denoted §L. We write e;
for the ith vector of the canonical basis of R?, that is, e;[j] =1 if j = ¢ and ¢;[j] =0
if j # i. To simplify the notation, we set 1 = 1, i.e., 1[i] = 1, for all i € Q.

2. Illustration using a cost-function on R. Let us consider the simple case
when y € Ry and F, : R — R reads

(2.1) Fylx) = (x = y)* + Pe(2),

where ¢ satisfies H1 and H2, along with one of the assumptions H3 (if ¢ is smooth)
or H4 (if ¢ is nonsmooth at zero). Consider that

2
under H3 or 3> _W under H4,

where ¢”(0") = limp o ¢”(t); if ¢”(01) = —o0, we find 3 > 0. Define

2
(2.2) B> -

6o =infCg and 6; =supCs,
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N e+ 8¢ (a) v+ 8¢/ (2)
0 hof .o
h1 — TN g
J 90 91 90 '91
_ __at? — __alt
o(t) = Titmy #(t) = Traim

FiG. 2.1. Plots of %fé(z) —y=xz+ ggo/(x) on R\ {0} for a PF satisfying H1, H2, and H3
on the left and a PF satisfying H1, H2, and H4 on the right. These plots suggest how to solve (2.6)
graphically.

where
2
(2.3) Cs = {t € (0,00) : ¢"(t) < —6}.
Notice that 6y = 0 if H4 holds and that 7 € (6p,0;) under H3. In both cases,
(2.4) Fl(x)=24p¢"(x) <0 if 6 < |z] < 6.

It follows that for any y € R, no local minimizer & of Fy lies in (—61, —69) U (6o, 01).
Conversely, minimizers & satisfy either |Z| € [0, 0] or |Z| € [f1,00). This observation
underlies the property of recovering either shrunk or enhanced differences at the (local)
minimizers of F,,, developed in section 3. It is worth noticing that 6y decreases with 3,
while 6; increases with (.

Let us now focus on the global minimization of F,. Without loss of generality,
suppose that

w21 J{fo}u {6} under H3,
(25) {t > 097t = _ﬂ} B { {61} under H4.

This assumption is satisfied by all PFs used in practice; see, e.g., Table 1.2. By the
first-order necessary condition for a minimum,

(2.6) ff—i—gap/(i") =yif 2 #0or pisC? on R,
(2.7) §¢’(0+) > |y| if # =0 and ¢ satisfies H4.

Since y > 0, if we had & < 0, then ¢'(£) < 0, and (2.6) cannot hold. By (2.6) yet
again, y — & = gcp'(:%) > 0. It follows that for any y > 0, any (local) minimizer &
of F, satisfies

(2.8) 0<z<y.
The analysis presented below is illustrated in Figure 2.1. Define hy and hg by
3 0o + gd(@o) under H3,
(2.9) h1 =01+ 5(,0/(91) and hg = 3
—¢'(0™) under H4.

2
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Using (2.4), x — = + gcp’(z) is C! and strictly decreasing on (6p,60;); thus 0 <
hi1 < hy < oo. If y € [0, hg), the function F, admits a strict (local) minimizer &, that
satisfies either 0 < &y < 0y under H3 or &y = 6y = 0 under H4. If y > hq, (2.6) defines
a strict (local) minimizer & satisfying #; > 6;. These two statements are developed
in the appendix. They show that if y € (hq, hg), there are two strict local minimizers,
Zo € [0,00] and &1 > 01. Let xo : [0, ho) — [0,6p] and x1 : (h1,00) — (61, 00) denote
the minimizer functions corresponding to 2o and &1, respectively.! Notice that these
functions are C!, that yo = 0 if H4 holds, and that

x1(y) — xo(y) > 01— 09 >0 Yy € (hy,ho).

Combining this with (2.8) allows us to write that

ly — xo)| >y —xa(y)| + (01 — 6o) Vy € (h1, ho).

We can say that &y = xo(y) incurs strong smoothing, while smoothing for #; = x1(y)
is weak.

Assume that in addition lim;_,, ¢’(¢) = 0, since this holds for all nonconvex PFs
used in practice (e.g., see Table 1.1). Using that x — x + ggo’(x) defines a one-to-one
mapping of (61,00) onto (hy,00), (2.6) shows that lim, . x1(y) = co. This entails
that lim, .. ¢’'(x1(y)) = 0, and then

Jim [y —xa ()l =0.

We can say that smoothing for &1 = x1(y) is vanishing.

Under H3, constant hg in (2.9) is finite. For definiteness, assume that hy < oo
under H4 as well. Put xo(ho) = limy ~n, xo(y) and x1(h1) = limy n, x1(y); then
Xo(ho) = 6y and x1(h1) = 6;. Define A by

A(y) = Fy(xo(y)) — Fy(x1(y)) for hi <y < ho.

It is shown in the appendix that F, (respectively, Fp,) does not have any (local)
minimum at x1(h1) = 0 (respectively, at xo(ho) = 6p). Combining this with the fact
that lim,| . Fy(x) = +o0 allows us to write that

(2.10) A(hl) <0 and A(I’Lo) > 0.
Furthermore, for any y € (h1, hg) we can write that (cf. the appendix)

(2.11) d]:y(X(y))

S =2y~ x(y). where x =g or ¥ =1

Using this expression, it is seen that if y € (hy, hg), then

12)  a(y) = D) AAWD) o) () > 2060 - 60).

y dy
Hence A is strictly increasing on (hy, hg). If hg = +oo under H4, (2.12) shows that
A(y) — +o0 as y — hg. This, combined with (2.10), shows that there is a unique
h € (hi,ho) such that A(y) < 0 if y € (hy,h) and A(y) > 0 if y € (h, hy), with
A(h) = 0. Consequently,

Minimizer functions xo and xo are defined next. For every y € [0, ho), Fy has a strict local
minimum at xo(y) such that xo(y) € [0,6p) under H3 and xo(y) = 0 under H4. Furthermore, for
every y > hi, Fy has a strict local minimum at x1(y) > 01.
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az?

(@) = Traam

Fic. 2.2. Each curve represents Fy(z) = (x — y)? + Bp(x) for a different y in (hi1,ho). The
global minimizer of each Fy is marked with a “e.” Observe also that no local minimizer belongs to

(60,61).
e if y € [0,h), the global minimizer is 2 = xo(y) € [0, 0] because Fy,(xo(y)) <
Fy(x1(y))s
e if y > h, the global minimizer is & = x1(y) > 61 because F,(xo(y)) >

Fy(xa (), B B
whereas F has two global minimizers, xo(h) and x1(h). This behavior is illustrated

in Figure 2.2. Clearly, the global minimizer function is discontinuous at y = h. The
critical value y = h can be seen as a threshold to deciding whether or not the global
minimizer £ of F, incurs strong smoothing. In the context of signals and images, this
amounts to deciding whether a difference belongs to a homogeneous region or to an

edge. These ideas are pursued in section 4.

3. Either shrinkage or enhancement of the differences. In this section we
show that nonconvex PFs give rise to (local) minimizers # whose differences g7 4 have
magnitudes which are either smaller than a (small) threshold 6y > 0 or larger than
a larger threshold 6; > 6y. The cases when ¢ is smooth or nonsmooth at zero are
analyzed separately.

3.1. Smooth at zero potential functions. The theorem below involves two
statements. First, if 8 is not too small, there are 6y and 6; as mentioned above.
Reciprocally, if we fix either 6§y or #;, we can find a suitable 8 such that the property
holds for an appropriate 61 or 6y, respectively.

THEOREM 3.1. Let F, : R? — R be of the form (1.1)—(1.2), where ¢ satisfies
H1, H2, and H3. Assume that the set {g; : i € J} is linearly independent, and put
p=max;es |GT(GGT) ey

(i) If B> Bo for

2p* | AT Al
3.1 _ ’
3.1) bo " (T)|

there exist 0g € (7,7T) and 01 € (T,00) such that for every y € R?, every local
minimizer & of F, satisfies

(3.2) either |gF2| <60y or |gli|>6, VielJ

(ii) Let 61 > T (respectively, g € (7,7T)) be such that ¢"(01) < 0 (respec-
tively, ¢"(0p) < 0) and ¢" is strictly monotonous near 61 (respectively, 6p).
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Consider that 8 > (31 for

212 |AT A 2u2 ||AT A
(3.3) 8 = 1% /U | % /|/| ||)
|l (601)] " (60)]

Then there is 0y € (1,7) (respectively, 01 > T ) such that for every y € RY,
every local minimizer & of F, satisfies (3.2).

Remark 1. Clearly, 6y and 6, depend on the shape of ¢ and are controlled by 3.
Since 6; > T and |¢”| is decreasing on (7,0), (3.3) shows that (; is increasing
with 61. Since 0y € (7,7) and |¢”| increases on (7,7), then 0y decreases with 3. It
is worth emphasizing that Gy, 81, 6y, and 61 are independent of .

Proof. Since F, has a minimum at Z, then DF,(£) = 0 and

<7"espectively, 61 =

(3.4) D2F,(#)(v,v) >0 Yo € RP,

where the second derivative of F, at Z in the direction of v reads

D*Fy(x)(v,0) = 2| Av]* + 8 ¢" (g7 @) (9] v)*.
i€J

Statement (i). For 8 > [y, H3 shows that go”(T)% € {¢"(t) : t > 7}. Then the
constants 6y and 6y,

0y = sup {t e(r,T):¢"(t) = @II(T)ﬁO} )

(3.5) g

0, = inf {t €(T,00):¢"(t) = 90”(7)60} ;
are well defined and satisfy 7 < 0y <7 < 6; < co. Consequently,
(3.6) te(0o,00) = ¢'(t)< w”(ﬂ%-

The proof of the statement consists in showing that no difference of Z has its magnitude
in (0p,01). So, suppose that there is j € J such that \gJTi”| € (6o, 601). Let us choose
v=GT(GGT) e;; then

giv=1,

giv=0 VieJ\{j}
and |v]|? < p?. Using successively (3.6) and (3.1) we find that

D2, (#)(v,0) = 2| Ao + 8¢" (g7 ) (g v)?
<A Al + (DR <

which contradicts (3.4). Consequently, |g]Ti‘| ¢ (6p,01). The same result holds for
every j € J.
Statement (ii). Let 61 > T be as specified in (ii). We can define 6y by

Op =sup{t € (1,7): ¢"(t) = ¢"(01)}.
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Combining H2, H3, and the assumption that ¢ is strictly monotonous near 6 entails
that

QDH(t) < @//(91) YVt € (9(], 01)

If there was j € J such that |97 #| € (6p,01), then for v = GT(GGT) " 'e; we would
find

D*Fy(&)(v,v) < 2|ATAlp? + B ¢ (61) < 2| AT A||p® + 1 " (61) = 0.

It follows that | ng£| ¢ (0o,071). This conclusion clearly holds for every j € J.

The proof of the statement when 6 is fixed follows the same lines and is omit-
ted. ]

From Table 1.2 it is seen that ¢” is strictly monotonous at every € such that
©"(0) < 0; hence the assumption involved in statement (ii) is not restrictive. This as-
sumption can be omitted if we systematically consider inf{t € (7,7) : ¢"(t) = ¢"(01)}
in place of 6; and sup{t € (1,7) : ¢"(¢t) = ¢ (00)} in place of ;.

The thresholds 6y and 8, exhibited in the theorem delimit only the regions in RP
where D?F,(x) is not nonnegative definite. They do not account for the fact that
minimizers & satisfy DF, (&) = 0 as well. We can expect that the bounds exhibited
here are pessimistic.

The assumption that {g; : ¢ € J} is linearly independent fails in usual image
restoration problems where for each pixel we consider the difference with several
neighbors; hence #J > p. Nevertheless, the analysis above is easy to extend to all
situations where a (local) minimizer # is homogeneous on some connected regions.
Let us examine this question in more detail. Trivial assumptions on {g; : i € J} are
that 1 € ker G and that

¥ C Q such that supp(g;) NE # 0 and supp(g;) "X #0 = ¢l'lyx #0.
Given ¥ C Q such that ¥ # @ and X¢ # 0, the constant
vy = min {|g{ Ig| : i € J such that supp(g;) N X # 0 and supp(g;) N X # 0}

is strictly positive. Put p = /p(min{ys : £ C Q, ¥ # 0, and ¢ # 0})~!; then
i € (0,00). For example, in the most usual case when {g; : i € J} yield the first-order
differences between each pixel and its nearest neighbors we find 72 =1 and p = |/p.
Consider that 8 > [y, where [y is of the form (3.1) for p defined above. Define 6y
and 6, > 6y according to (3.5). Suppose now that F, has a (local) minimizer Z that
is homogeneous with respect to {g; : ¢ € J} on a nonempty subset ¥ C Q, ¥ # Q,
i.e., that

(3.7) lgF2| <6y Vie{jeJ:supp(g;) C X} C Jo,

(3.8) lg; &| > 00 Vie Iy,
where I, # () corresponds to the boundary of ¥, namely

Iz, = {j € J : supp(g;) N X # 0 and supp(g;) N E° # 0}.
Using the reasoning of Theorem 3.1, one can see that in fact

(3.9 lgf&| > 6, for every i€ Is.



RECOVERY OF EDGES USING NONCONVEX REGULARIZATION 969

On the contrary, suppose that there is j € Is such that |g; &| € (6,01). Let us
choose v = —#2—; noticing that [|1s|| < \/p and that |ng]12\ > vy, we find ||v| < p.

g7 s
On the other hand, g7v = 0 if supp(g;) C ¥ or if supp(g;) C X¢. Combining these
observations with the fact that

©"(gF) < ¢"(0y) <0 for every i€ Iy

leads to the following:

D*F, (&) (v,0) = 2| Av||> + 8> ¢" (9] 2)(g] v)?

i€ls
< 2| AT Al ||v]|* + B¢" (9] #)
< 2||ATA|l p? + Bog” (T) < 0.

Such an & cannot be a local minimizer. Hence (3.9) is true, and we can then write
that Iz C J;.

This analysis is hard to extend to an arbitrary £ € RP, as far as there is no
guarantee? to have a subset ¥ C ) such that (3.7)—(3.8) hold. Without such a ¥,
there is no general way to find a direction v € RP such that D?®(%)(v,v) < 0 in case
there is j € J such that |g] Z| € (6o,0:). Let us emphasize that D*®(z)(v,v) < 0 is
a strong sufficient condition for “nonminimum.” It is reasonable to expect that at a
minimizer #, differences |g7 | “avoid” the vicinity of 7 since ¢ is very concave there.

Truncated quadratic PF. This important PF, given in (f4) in Table 1.1, fails
to satisfy H1, H2, and H3. Because of its nonsmoothness at +1/y/c, there is no
guarantee that its local minimizers satisfy a property of the form (3.2); however,
its global minimizers do so. Before examining this question in detail, we need some
additional notation. We consider that {g; : ¢ € J} is linearly independent, in which
case r = #J < p. If r < p, by the assumption in (1.3), we can take a p —r X p
matrix Gy for which there are H € RP*" and Hj, € RP*(P=7) guch that?

z = Gz,
(3.10) & wz=Hz+ Hyz
Zp = Gbx

and that rank(AHp) = p — r. Then we introduce the matrices
(3.11) B=AH, B,= AH,,
(3.12) P=1-B, (BB, B

If » = p, we have H = G~!, and hence P = I.

2For instance, consider & as given below for {g;} the differences of each pixel with its adjacent

neighbors and 6 = 1:
o 1 1 2
=10 0 2 2 |.
0 1 1 2

We have |£[2, 3] — £[2,2]| = 2 > 6o, while all other differences are < 6.

3Consider that the rows of G read g;[i] = —1, g;[i + 1] = 1, and g;[j] = 0 otherwise for i =
1,...,p—1 =r. Then Gy € R'¥P, and we can choose Gy[i] = 0 if i < p and Gy[p] = —1. Then
[H, Hp]—the matrix whose first p—1 columns are those of H and whose pth is H,—is upper triangular
composed of —1; then Hy, = —1. Using (1.3), we have AH, = —A1 # 0. Furthermore, P = [ — %]lllT.
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PROPOSITION 3.2. Giveny € RY, let F, read as in (1.1)-(1.2), where {g; : i € J}
is linearly independent and

(t) = at? if |t <1/Va,
TN s 1 e
If Fy reaches its global minimum at &, then for every i € J the following holds:

(i) if PAHe; =0, then g}'3 = 0;
(ii) if PAHe; # 0, then

(3.13)

1

(3.14) either |gf @] < Jar;

Ty or |gi2l>

5=

where

b | _lPAHe2
[[PAHe;|? + aff

Moreover, the inequalities in (3.14) are strict if F,, has a unique global minimizer.

Proposition 3.2 furnishes a useful necessary condition for a global minimum of F,,.

It provides quite a fine result since thresholds are adapted to each difference individ—
ually. In particular, (3.2) holds for
¥ 1

90:7 and 91:7,

Va vy

Clearly, 6y < 6, as stated in Theorem 3.1.

where ~ =maxT; < 1.
icJ

3.2. Nonsmooth at zero potential functions. Let us introduce the set J;
as

T. . . dif
(3.15) jlz{JngzﬂveRpsuchthat giv=0 if ZEJO_J\J”}.

glv#0 if i€ Jy.

Notice that {#} € J1 and J € J1. Let K denote the application which for every
J1 C J1 yields the subspace K(J;) defined by

(3.16) K(J)={ueRP:glu=0Vic Jo} for Jy=J\Jp.
Given J; € J1, for every j € Ji, let v;(J1) € R? be the solution to the problem
(3.17) minimize |[v]|? subject to v € K(J;) and g]Tv =1.

Because of the last constraint, v;(J;) # 0. Then define x> 0 by
(3.18) [ = max {max llv; (J)|| = J1 € jl} .
Jj€J1

In general, it is difficult to get an explicit solution for u. Notice that no assumptions
on {g; : i € J} are made in Theorem 3.3. Its first statement says that if 3 is not too
small, there is 6; > 0 such that nonzero differences have a magnitude larger than 6.
Reciprocally, if we fix 81 > 0, we can find 3 such that this property holds for our 6;.

THEOREM 3.3. Let F, be of the form (1.1)-(1.2), where ¢ satisfies H1, H2,
and H4. Let i read as in (3.18).
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(i) If B> Bo for

2 [ AT Al

(519 o= o

then there exists 61 > 0 such that for every y € R, every (local) minimizer &
of Fy satisfies

(3.20) either |gl#| =0 or |gf#|>6, VielJ
(ii) Given 61 > 0 such that ¢”(61) <0 and ¢" is strictly monotonous near 0y, if
B = B for
2u” | AT A
(3.21) b=———
0" (01)]

then for every y € RY, every (local) minimizer & of F, satisfies (3.20).
In particular, if [¢”(07)| = oo, we find Gy = 0 in (3.19).
Remark 2. The magnitude of #; depends on ¢ and is controlled by 3. Indeed,
since |¢”| is decreasing on (0, +00), (3.21) shows that 3; is increasing with 6;.
Given a (local) minimizer & of F,, let us define Jo and J; by

(3.22) Jo={ieJ:gle =0} and J,=J\Jo.

Clearly, J; € Ji. Since ¢ is nonsmooth at zero, Jo is usually nonempty [30, 33].
Theorem 3.3 says that the sets Jo and J; above are equivalent to (1.5).

Proof. Consider that F, has a (local) minimum at . Let Jo and J; be defined
by (3.22). If J1 = (), then ngc = 0foralli € J = Jy, so statement (3.20) holds. Next,
consider that J1 is nonempty. Put

T 1
p = min|g; Z| max gl
i€y Jed i

then p > 0 according to (3.22). For every v € B(0, p) we have

97 (& +v)| = |g] 2| = |gi v = (p— loll) maxlgill >0 Vi &€ Jy.
Then the function ]?y,

Fylx) = |Az =yl + 8 olglw
iéjl
is C? on B(%, p). Moreover, using that ¢(0) = 0 by H1, we have
(3.23) ve K(W)NB(&p) = Fu(&+0v)=F,(&+v),

where K is as introduced in (3.16). Since F, has a (local) minimum at &, (3.23) shows
that Z is a (local) minimizer of F, over K(J1) N B(&, p). Consequently,

(3.24) D*Fy(&)(v,0) = 2] Av|* + 8 Y ¢" (9] #)(g/v)* 2 0 Vo € K(Jh),
ieJy
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Statement (i). Since 8 > [y, we have W < |¢"”(07)]. Then the constant 6;
given by

2 T
(3.25) 6 = inf {t >0:0"(t) = —2“”;114”}
is well defined and finite. Using H4,
(3.26) 0<t<b = ") <" (61).

Our reasoning is conducted by contradiction. So suppose that there is j € jl such
that

(3.27) 0< lg] & < 6.
Combining H2, H4, and (3.26) shows that
(3.28) " (g7 ) < " (B0)-

Let us consider D>F,(2) in the direction of the vector v = vj(fl) defined by (3.17).
Using successively (3.24), H4, (3.17), (3.28), and (3.25), we find the following:

D2F,(&)(v,v) < 2||Av|* + B(gTv)2¢" (g7 7)
< 2| AT Al|||v|? + 8" (9T 2)
< 2|ATA|| 1% + B ¢"(61) = 0.

This result contradicts (3.24). It follows that (3.27) cannot be true. This conclusion
holds for every j € jl; hence |g7'#| > 6, for alli € fl Since 61 in (3.25) is independent
of jl, the same holds for every jl en.

Statement (ii). Assume that there is j € J; such that (3.27) holds. Since ¢
is strictly monotonous near 6y, (3.26) is satisfied, and hence (3.28) holds too. For
v = vj(jl) defined by (3.17), we get

D2F,(#)(v,v) < 2| AT A||u® + By (97 7)
< 2| ATA|| 1 + B ¢ (61)
< 2| ATA|| p? + By " (0:1) = 0.

The obtained inequality shows that (3.27) cannot be true for any j € J;. The same
result holds for every minimizer £ of F,, for any y € RY, since the relevant I belongs
to jl. O

Table 1.2 shows that in practice, nonconvex, nonsmooth at zero PFs have ¢”
strictly increasing on {t > 0 : ¢”(t) # 0}. So, the assumption in (i) on the strict
increase of ¢" near 6; is reasonable. It can be avoided if in (3.21) we replace 61 by
inf{t >0:¢"(t) = —% +e}fore 2 0.

Here again, 61 delimits only the regions in R? where F,, does not satisfy the second-
order necessary condition for a local minimum. The first-order necessary condition
for a (local) minimum is not taken into consideration. This suggests that our bounds
may be pessimistic.
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“0-1” PF. This function, given in (f11) in Table 1.1, is discontinuous at 0 and
does not satisfy H1, H2, and H4. It can also be seen that the relevant local minimizers
of F, can fail to satisfy a property of the form (3.20). However, such a property takes
place for the global minimizers of F,.

PROPOSITION 3.4. Given y € RY, let F, be defined by (1.1)—(1.2), where {g; :
i € J} is linearly independent and

o a-{0 4150

If Fy has a global minimum at , then for everyi € J,
(i) if PAHe; =0, then gl'3 = 0;
(ii) if PAHe; # 0, then

(3.30) either gfa =0 or |g] &> ||PA\/IEB[€Z-||7
where H and P are given in (3.10) and (3.12). The last inequality is strict if F, has
a unique global minimizer.

This proposition provides a simple necessary condition for a global minimum
of F,. We can notice that (3.30) is finely adapted to each difference g} % for i € J. It
is readily seen that (3.20) is true if we put

#1 = min i
icJ ||PAHe,||

4. Selection for the global minimizer. We can observe in Table 1.1 that
most of the nonconvex PFs used in practice are bounded on R by a constant. In this
section, we will consider the following.

H5. ¢(t) <1 for allt € R.

Notice that? then lim; .., ¢'(t) = 0. We will often use the fact that by HI,
p(t) > 0 on R, and that ¢ is increasing on Ry. Furthermore, we will consider that
{gi : i € J} yields first-order differences.

H6. With every i € J there are associated N; = (i1,i2) C Q and v; > 0 so that
gFx = vi(zsy, — xi,), for all z € R, and the null space of G is spanned by 1. We will
denote Ymin = Min;e j ;.

Usually v; = 1 for all i € J; in some models, v; = 1/4/2 if g]'x corresponds to
differences between diagonal pixels in an image. An additional assumption taken in
this section is that AT A is invertible. Then aujn—the smallest eigenvalue of AT A—
satisfies amin > 0.

Remark 3 (existence of a global minimizer). When AT A is invertible, for every
y € RY, the function F, defined by (1.1)—(1.2) and H1 is bounded below by 0 and
coercive; hence it admits a global minimizer, and the latter is bounded.

Our goal now is to study how an original image or signal of the form hly, where

YCQ, with ¥#0 and X°=Q\ X #0,

4Since lim;— oo ¢ (t) = 0 and ¢/ (t) > 0 for all t > 0, there is ¢ > 0 such that lim¢—cc ¢'(t) = c.
Consider that ¢ > 0. By the mean-value theorem, ¢ (t+ %) —p(t) = <p’(u(t))%, where p(t) € (¢, t+ %)
Noticing that lim¢— oo p(t) = +00, we find that lim:— o (@(t + %) — (1) = limi— oo cp’(,u(t))% =2,
which is impossible because by H5, ¢(t + %) — p(t) < 1. It follows that ¢ = 0.
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is recovered at the global minimizer £ of F, when y € RY is of the form
(4.1) y=hAly for heRy.
From now on, we systematically denote
(4.2) Jo={icJ:gl'ly =0} and J, =J\J.
It will be convenient to put Fj = Fpa,, for every h € Ry, ie.,
(4.3) Fy(z) = |A(e = hlg)|* + 8 ¢(g] @),
i€

and to denote by & a global minimizer of the latter function,

Fy (&) < Fp(x) Vz e RP.

Remark 4 (upper bound on the global minimum). If y is given by (4.1), we have
(4.4) Fu(hls) =8 ¢(vih) < i1,
i€y

where the inequality comes from the assumption that ¢(¢) < 1 on R. Since &, is a
global minimizer,

Fh(i‘h) < ,@ﬁjl Yh € R+.

This constitutes a simple necessary condition for a global minimum.
The cases when ¢ is smooth at zero, and when it is nonsmooth at zero, are
analyzed separately.

4.1. Smooth at zero potential functions. The next theorem addresses func-
tions F}, of the form (4.3) which corroborate the conclusions of Theorem 3.1.

THEOREM 4.1. Let F}, : R? — R be of the form (4.3), where {g; : i € J}
satisfies H6 and AT A is invertible. Let ¢ satisfy H1, H2, H3, and H5. For every
h >0, suppose that every (local) minimizer & of Fy, satisfies (3.2), where 0 < 0y < 01,
and denote by Ty, a global minimizer of Fy. Then we have the following:

(i) There is a constant hg > 0 such that

(4.5) hel0,hy) = |glan <6y Viel

(ii) Assume in addition that 01 is such that ﬁjﬁ-l < p(01) < 1. Then there is
hy > 0 such that

g7 &n| < 6o Vi€ Jo,

h>h
! |giT§ch| >0, VieJy.

This theorem corroborates the interpretation of 6y and ¢, as thresholds for the
detection of smooth differences and edges, respectively. Equivalently, the sets Jo
and J; in (1.4) address the homogeneous regions and the edges in Z, respectively.

Proof. The first and second differentials of Fj, at any x € R? are well defined and
read
(4.6) DFy(z) = 2AT A(x — hly) + BGT [(p’(grm)]ieJ,

K3

(4.7) D?Fy(z) = 2AT A+ BGT diag ([QP”(QZTQC)LGJ) G.
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Statement (i). For h = 0, the function Fj reaches its global minimum at & = 0.
Hence DFy(%9) = 0 and D?Fy(Z) is positive definite because " (0) > 0 by H1 and
AT A is invertible. By the implicit function theorem, there are pg > 0 and a unique
C'-function x : [0, pg) — RP such that

DF(x(W) =0 Vh € [0, po)
and that x(0) = 0. By the continuity of D?F}, and Y, there is p € (0, po] such that
hel0,p) = D?F,(x(h)) is positive definite.

Consequently, if h € [0, p), the function Fj, has a strict (local) minimum at y/(h).
Using that x(0) = 0, that h — F(x(h)) is continuous, and that Fy(x(0)) = 0, there
is hg € (0, p] such that

he0,hy) = Fu(x(h) <Be6:) and |gFx(h)| <6y VieJ

Suppose that for h € (0, hg) there is another (local) minimizer & # & such that
lgF'%| > 0, for some i € J. Then p(gl'%) > ¢(01), and we can write that

Fy(z) = Bp(61) > Fr(x(h)).

This shows that for any h € [0, ko), the function Fj, reaches its global minimum at an
2, satisfying (4.5).
Statement (ii). We will consider that h > hy for

0 2
(4.8) hy = 2 4 /&.
Ymin Omin

To simplify, we will write & for ), to denote a global minimizer of F},. For Z, let the
sets Jo and J; be defined by (1.4); since (3.2) holds, JoUJy = J. Let us examine
the possibility that jl # J;. Two cases arise according to the relationship between
Jp and Ji.
(C1) j;) N Jp is nonempty. Let i € jo NJy and N; = {iy,i2}, according to H6. For
definiteness, assume that ls[i;] = 1 and lx[iz] = 0. It is easy to see that®
% # cll for any ¢ € R. Then ®(&) > 0, and we have

Fip(2) > amin (|2 — hﬂE”2
Z Qmin ((-%[@1] - h)2 + (‘/ij[l2])2) .
Noticing that

Vi | &[i1] — &fia] | = |g) &
we find that®

@i =17+ (@l > 5 (1 90)

Vi

5Suppose that for h > 0, F}, has a (local) minimizer of the form # = ¢l for ¢ € R. Using that
DFy,(2) =0, (4.6) leads to AT A(cll—hly) = 0. Since AT A is invertible and ¥ and X° are nonempty,
there is no ¢ € R satisfying this equation.

SHere we consider the following problem:

minimize f(¢,s) subject to ~;|t — s| < 6o,
where f : R?2 — R reads f(t,s) = (t — h)2 + s2 for h > 09 /7;. Using Kuhn-Tucker conditions, the
minimum is reached for i = %(h + %) and § = %(h — %)) and its value is f(£, §) = %(h — foy2,
Vi Vi Yi
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Using that h > hq, (4.4) shows that

0o

Ymin

Fi(@) > % (h—

2
) = 0= Fa(nts).
Since 7 is a global minimizer, it follows that jE) N Ji is empty.
(C2) Jy D Jy and Jy # Ji; hence #.J; > #J; + 1. Since & # hly and AT A is
invertible, we have ||A(Z — hlg)|| > 0. On the other hand, p(g] %) > ¢(61)
for every ¢ € J;. Then

Fr(2) > B(8J1 + 1) 0(01).

Combining this with the assumption on ¢(6;) in (ii) and with (4.4) shows
that

(4.9) Fn(2) > BgJ1 > Fy(hly).

Since & is global minimizer, J; cannot be strictly included in jl

The conclusions of (Cl) and (C2) show that the global minimizer & is such that
fl =J; and j;; = Jy. Hence we have proved the statement. 0

This theorem focuses on functions ¢ satisfying lim;_, . ¢(t) = 1. This, combined
with H1, H2, and H3, shows that if ¢(6;) < 1, then ¢”(61) < 0. Under the conditions
of Theorem 3.1, its statement (ii) says that there are 8 and 6 such that all minimizers
of Fy, satisfy (3.2).

The values of hg, 61, and h; used in the proof of the theorem correspond to
strong sufficient conditions for a global minimum. We can suppose that in practice
statements (i) and (ii) hold for a larger hg and for smaller ¢, and hq, respectively.

Truncated quadratic PF. As in section 3, this function—see (f4) in Table 1.1—
needs a separate analysis. In this case, the global minimizer Zj of Fj can be derived
explicitly.

PROPOSITION 4.2 (truncated quadratic PF). Let F}, be of the form (4.3), where
AT A is invertible, H6 holds, and ¢ is given by (3.13). Define x,, € RP by

(4.10) Xe = (ATA+ BaGTG) ™ AT Al

For every h € Ry let &}, denote a global minimizer of Fy,. Then there are hg > 0 and
hi1 > hg such that

(411) h e [O,ho) = I :tha
(4.12) h>hy =2, =hly.

Moreover, Ty, in (4.11) and (4.12) is the unique global minimizer of the relevant Fy,.

Observe that hy,, is the regularized least-squares solution, i.e., the minimizer
of F, corresponding to ¢(t) = t2. So, the global minimizer in (4.11) does not involve
edges.

4.2. Nonsmooth at zero potential function. Since now 6y = 0 and {g;} sat-
isfies H6, we have to deal with images and signals which are constant on some regions.
To this end, we introduce the following definition.

DEFINITION 4.3. A subset ¥ C €2 is connected with respect to {g; : i € J} either
if 3 is a singleton or if for every i,j € X there is a sequence ky, ..., k, with elements
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of J such thati € Ny, andj € Ni,,, Ny, C X, foralll =1,...,n and Ny,N\ Ny, , #0,
forallt=1,...,n—1.

THEOREM 4.4. Let F}, : RP — R be of the form (4.3), where {g; : i € J}
satisfies H6 and AT A is invertible. Let o satisfy H1, H2, H4, and H5. For every
h > 0, suppose that every minimizer & of Fy, satisfies (3.20), where 61 > 0, and denote
by Ty, a global minimizer of F},. Then we have the following:

(i) There is a constant hg > 0 such that

h € [O,ho) = Ip=h(1,

where
(AT A1y
(4.13) (=2 2
AT
(ii) Assume in addition that 01 is such that ﬁ-%]il < (61) < 1. Then there is
hi1 > 0 such that
glan =0 Vi € Jo,

h>h =
! gTan| > 61 Vie .

(iii) For 01 as in (ii), let h > hy. If ¥ and X° are connected with respect to
{gi : i € J}, there are §, € (0, h] and ¢, € R such that

(4.14) Zp = Splly + ¢ 1.

Moreover, §, — h and ¢, — 0 as h — 0.

If A= 1, we have { = % in (i). Statement (ii) shows that for h large enough,
the global minimizer Z; of F} has the same edges and the same constant regions as
the original hly. Furthermore, (iii) indicates that & provides a faithful restoration
of the original hlly;.

Remark 5. Statement (iii) can be extended to arbitrary subsets ¥ C Q in the
following way. Let us represent ¥ and X¢ as unions of subsets which are connected
with respect to {g; : i € J}, say £;, 1 <i < m, and 3¢, 1 < i < n, respectively. In
such a case, we will find that there are reals §;, 1 < i < m, and ¢&, 1 < i < n, such
that for h > 0 large enough, &, = Y7, 8;ls, + > & lxe.

Proof. The constant below will be used several times in what follows:

(AT)(AD)T

(4.15) §—<AnE>T<I e >A]12_A112||2C2||A]1||2~

Clearly, £ > 0. Furthermore, the null space of I — W(A]l)(A]l)T being spanned

by AL, it does not contain Ally;, since AT A is invertible, and Iy, # 1 and 1y # 0.
Hence € > 0.
Statement (1). We will consider that h € (0, ho), where

By — 12201

§

If there is ¢ € R such that Fj, has a (local) minimum at & = ¢1l, then ¢ minimizes the
function ¢ — Fp(c1),

Fi(cl) = || A(cll — hlx)||? = 2| AL|)? — 2ch(Alg)T AL + h?| Als|?.
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This function has a unique minimizer. It is easy to calculate that ¢ = h({ for ( as in
(4.13) and that

F(ell) = h? €.

Let & # & be a (local) minimizer of Fj,. Then H6 shows that there is j € J such
that g7 & # 0, in which case (3.20) entails that |g] Z| > 6. Using that h € (0, ko), we
obtain

Fu(%) > Bo(g] &) > Bp(61) = hg € > Fy(el).

It follows that for every h € (0, hg), the function F}, reaches its global minimum at &
as given in (i).
Statement (ii). Next we consider that A > hy, where

(4.16) m =220

Let & denote a global minimizer of Fj,. With Z, we associate the subsets jo and jl
as given in (1.5). Since (3.20) holds, Jo U J; = J. Let us analyze the possibility that
jl # Jy. Two cases can then arise.
(C1) J1 N jo is nonempty. For i € J; N fo, let N; = (i1,12), according to H6.
Since g7'# = 0, there is ¢ € R such that #[i;] = 2[ia] = ¢. Using that
|97 Is| = vills[i1] — s liz]| = vi, we find

Fi(2) > aminl|2 — hIs|* + 8 olg] 2)
jed
> amin ((2[i1] — hlg[ir])? + (2[i2] — hls[ia])?)
= Qmin ((¢ — h)? + 02)
h2
> Qmin =75
- 2

because the function ¢ — (c—h)? +c? reaches its minimum for ¢ = h/2. Since
h > hq, Remark 4 shows that

(417) Fh(i') > amm%% = 5ﬁJ1 > Fh(h]lg)

It follows that J; N jo is empty.
(C2) J1 C Jy with J; #* J. Applying the reasoning behind item (C2) in the proof
of Theorem 4.1(ii) shows that J; cannot be strictly included in Ji.
It follows that any global minimizer &, of Fj, is such that jo = Jp and, equiva-
lently, J; = Jj.
Statement (iii). Since X and X¢ are connected, (ii) and H6 show that” there are
Sp € R and ¢, € R such that &, is of the form (4.14). Moreover, §, # 0 because

"For i,j € %, let {kg: £=1,...,n} be as in the definition for connectedness; then k, € Jo for all
£=1,...,n. Hence, 2[i] = &[j] for all j € Ny, for all £ =1,...,n. Tt follows that 2[i] = &[j] for all
i,j € 3.

In a similar way it is found that £[i] = Z[j] for all 4, j € 2.
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3n = 0 would entail Jy = J # Jo. Furthermore, (8h, ¢n,) minimizes on R\ {0} x R the
function (s, c¢) — Fp(sly 4 cl), namely

Fi(sly + cll) = || A(sly + ell) — hATg[|* + 8 o(g] (sls + cll)).
i€J
Using that ¢(g] (sl + 1)) = ¢(s|gl Is|) = p(vis) for all i € Jy,
Fy(sly +cl) = [[(s — h)Allg + cAL| + 8 o(s7,).
i€y
Noticing that (s,c) — Fj,(slx +cl) is C? on R\ {0} x R, if this function has a (local)

minimum at (8, ép), then

0F},

e =0.

(Shﬂz + C]l)

c=¢p,

Hence ¢, = o(8,), where

(4.18) o(s)=—(s—h)¢

for ¢ as in (4.13). Then §; minimizes the function f(s) = Fj(sly + o(s)1) which
reads

f(s) = (s =m)*+B8 olsm),

i€Jy

where £ > 0 is given in (4.15). Noticing that §,v; # 0 for all i € J, we have f/(§,) = 0,
that is,

5h+7zr}/z Sh’Yz —h
ZGJI

Using that ¢ is symmetric, this equation equivalently reads

sign(§p) <|Sh| + 2% Z Vi Sh|%)> =h>0.

i€y

It follows that 0 < § < h for every h > hy and that §, — oo as h — oo. Noticing
that limy_ ., ¢'(¢t) = 0, it is seen that §, — h as h — oo. Inserting this into (4.18)
shows that ¢, — 0 as h — oo. O

Recall that (3.20) holds for 6, > 0 if 8 > [y, where By is given in (3.19). The
assumption in (ii) was used in Theorem 4.1 and discussed after the end of the proof.
Using those same arguments, we arrive at ¢”(61) < 0. Then Theorem 3.3(ii) indicates
how to choose 8. The magnitudes of hg, hi, and 6, used in this proof guarantee
strong sufficient conditions for global minimum. It is reasonable to suppose that the
statements remain true for a larger hy and for smaller hy and 6.

“0-1” PF. This PF, given in (f11) in Table 1.1, is discontinuous at zero. First,
we derive a necessary and sufficient condition for a local minimum of F, as defined
by (1.1)—(1.2) with ¢ the “0-1” PF. Lemma 4.5 does not involve any assumptions on
yeRY A or{g;:1i€ J}

LEMMA 4.5. Fory € RY, let F, be of the form (1.1)—(1.2), where ¢ is defined in
(3.29).
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(i) We have the following equivalence:

Z s a solution to the
following problem:
minimize ||Az — y||?
subject to x € K(jl),

z € R? is a local minimizer of F, <

where K(Jy) is defined according to (3.16) for Jy = {i € J : gl'@ #0}.

(i) Giveny € RY, if & is a (local) minimizer of Fy, then for every h € R, the

function Fp, has a (local) minimum at hi.

Notice that by (i), if AT A is invertible, every local minimizer of F,, is strict.

When ¢ in (4.3) is the “0-1” PF, the global minimizer &, of F}, can be determined
explicitly.

PROPOSITION 4.6 (“0-17 PF). Let Fy, be of the form (4.3), where AT A is in-
vertible, {g; : i € J} satisfies H6, and ¢ reads as in (3.29). For every h € Ry let &y,
denote a global minimizer of Fy. Then there are hg > 0 and hy > hg such that the
global minimizer &y of Fy reads

(4.19) h € [0,ho) = &n = h¢ 1,
(420) h>hy = 2 :h]lg,

where ¢ is defined in (4.13). Moreover, &5, in (4.19) and (4.20) is the unique global
minimizer of Fj,.
Observe that &, in (4.19) is the same as in Theorem 4.4(i).

5. Experiments. First, we present the restoration of a blurred, noisy 128 x 128
synthetic image using both convex and nonconvex PFs . The original image in
Figure 5.1(a) presents smoothly varying regions, constant regions, and sharp edges.
Data in Figure 5.1(b) correspond to y = a * x + n, where a is a blur with entries
ai; = exp(—(i* 4 j%)/12.5) for —4 <4, j < 4, and n is white Gaussian noise yielding
20 dB of SNR. All restored images are obtained by minimizing a cost-function F,
of the form (1.1)—(1.2), where {g; : i € J} correspond to the first-order differences of
each pixel with its eight nearest neighbors (then v; = 1 in H6) for different functions

(a) Original image (b) Data y = blur + noise

Fi1c. 5.1. Data y = axx + n, where a is a blur and n is white Gaussian noise, with 20 dB of
SNR.



RECOVERY OF EDGES USING NONCONVEX REGULARIZATION 981

(a) p(t) =t (b) w(t) = [t

FiG. 5.2. Restoration using convex PFs. Left: smooth at zero PF. Right: nonsmooth at zero PF.

. In all figures, the obtained minimizers are displayed on the top. Below we give two
sections of the restored images, corresponding to rows 54 and 90, where the relevant
sections of the original image are plotted with a dotted line. The minimizers corre-
sponding to nonconvex PFs are calculated using a generalized graduated nonconvexity
method [29].

The restorations in Figure 5.2(a) and (b) correspond to convex PFs, namely
o(t) = [t|® for a = 1.4, 8 = 40 and a = 1, § = 100, respectively. In (a), edges
are slightly blurred and underestimated. In (b), the stair-caising effect is very visible:
there are numerous spurious edges, whereas important edges are underestimated. The
restorations in Figure 5.3 are calculated using nonconvex PFs. The restorations in the
first row correspond to smooth at zero PF's, while those in the second row correspond
to nonsmooth at zero PFs. On the average, the important edges are very neat, and
their amplitude is correct. The image in (a) corresponds to PF (f5) (see Table 1.1) for
a = 25, 8 = 35. The image in (b) is obtained using the PF (f4) for a = 60, 8 = 10.
Both images have neat edges and smoothly varying homogeneous regions. Some fine
features in (a) are underestimated, and others are skipped. The image in (b) provides
a faithful restoration. The image in (c¢) corresponds to the PF (f9) for a« = 20,
£ = 100, while the one in (d) corresponds to the PF (f11) for 8 = 25. These PFs are
nonsmooth at zero, and the restored images are piecewise constant: planar-shaped
features are fitted using several constant patches, and some fine features are skipped.
The results in Figure 5.2(b) and Figure 5.3(c) and (d) clearly show that nonsmooth
at zero PFs are not adapted to the restoration of smoothly varying regions.
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(a) p(t) = at®/(1 + at?) (b) ¢(t) = min{at?, 1}

- Row 5

(e) p(t) = alt]/(1 + alt]) (d) o(t) =1 = =0

Fic. 5.3. Restoration using nonconvexr PFs. First row ((a) and (b)): smooth at zero PFs.
Second row ((c) and (d)): nonsmooth at zero PFs.
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6. Conclusion: Further interpretation of the results. Each local mini-
mizer & of F, can be seen as resulting from a local minimizer function y — x(y)
defined on a subset of U C RY, i.e., £ = x(y). It has been established in [12] that
when AT A is invertible, local minimizer functions are C'-continuous on their domains.
Consequently, a local minimizer function y : U — R? produces minimizers & = x(y),
for y € U, that have the same set of edges jl, that is, {i € J : gl x(y) > 61} = fl, for
all y € U. (To prove it, notice that the converse would contradict the continuity of x
onU.)

Given y € RY, let F, reach its global minimum at & = x(y) with edges indexed
by J; and homogeneous regions indexed by JO When data vary in a neighborhood
of y in such a way that noticeable edges either appear or disappear in the original
signal or 1mage the global minimum will jump from the (local) minimizer function x
with edges J1 to another (local) minimizer function x’ whose edges are J1 # Ji. This
discontinuity of the global minimizer function is the property that allows edges to be
detected or removed at the global minimum of F,. Using the results of [13], such
discontinuities occur only at data points included in a negligible subset of RY.

In contrast, if F, is strictly convex, there is a unique minimizer function x :
R? — RP, and the latter is continuous. In particular, differences g7 # can take any
value on R. The edge-preservation properties of p(t) = |¢|—the famous total-variation
regularization—have been extensively discussed in the literature. We should empha-
size that they are based on a totally different property. As explained in [30, 33],
the relevant minimizers # exhibit stair-casing: for many differences, g7'# = 0, so 2
contains constant regions. The nonzero differences that separate the constant regions
in & then naturally appear as edges. This effect is observed in Figure 5.2(b), where
numerous spurious edges appear on planar-shaped regions.

Thus, image and signal restoration using nonconvex regularization is fundamen-
tally different from restoration using convex regularization. The main difference is
related to the (dis)continuity of the global minimizers with respect to the data.

7. Appendix.

A cost-function on R (section 2)—details. The considerations below are
nicely illustrated in Figure 2.1, on the left for H3 and on the right for H4.

Local minimizer Zo € [0,00] for y € [0, ho). Consider that H3 holds. Using (2.9),
the equation in (2.6) has a solution &y € [0, 6y]. However, for no y € [0, ho) it can be
satisfied by 29 = 6p. Hence &9 < 0y. Combining this with (2.5) and H3 shows that
O (Zo) > —%, and hence F/(%9) > 0. Hence F, has a strict minimum at .

Now let H4 hold. By (2.7) and (2.9), F, may have a (local) minimum at &o = 0.
In order to check this possibility, let us consider

K(u) = Fy(u) — F,(0) = u* — 2uy + Bp(u).
Suppose ¢'(0") < +oo. Since %y € [0,¢'(0)), by the definition of ¢'(0%), there is
€ > 0 such that
2
€(0,e) = o¢u)> ﬁyu

Then for every u € (0,¢) we find that K(u) > u? > 0.
If ¢'(07) = 400, there is ¢ > 0 such that # > %y for all w € (0,e). Then
K(u) = u? + ﬁ(# - %y)u > 0 for all u € (0,¢). Combining these results with the
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observation that /C(u) > 0 for all © < 0 shows that F, has a strict (local) minimum
at jo =0.

Local minimizer &1 > 01 for y > hy. Now the equation in (2.6) admits a solution
21 € [01,00). Since (2.6) cannot be satisfied for 6,1, we have &; > ;. This, combined
with (2.5) and with either H3 or H4, shows that ¢" (%) > f%, and hence F,/(#1) > 0.
Thus F, admits a strict local minimum at ;.

Proof of (2.10). We first consider the possibility that Fj,, has a local minimum at
x1(h1) = ;. Noticing that for any u > 0, ¢’ is continuous and satisfies ¢” (61 +u) >
©"(01), we can write that

1
PO+ 1)~ o(01) —ug'O1) = [ (1= 000" (6 + tup
0
2 2
ut u
200 = — =
< 5 ¢ (01) 5
where the last equality comes from (2.5). It follows that for any u > 0 we have

Finy (01 +u) = Fpy (1) = 0 + B (9(01 +u) — p(61) — up'(61)) < 0.

Hence F},, does not have any local minimum at 6;.
Now we focus on the possibility that Fj, has a local minimum at xo(ho) = 6p.
When H3 holds, similar reasoning shows that 73, does not have any local minimum

at Xo(ho) = 90.
Consider next that H4 holds. Let us consider the function £ : [0,¢) — R,

K(u) = Fiy () = Fng (0) = u? + B(p(u) — ug(07)),

where the second equality comes from (2.9). Using (2.2), —W € (0,1). Let us
choose 7 € (_ﬁ(oﬂv 1). Then there is € > 0 such that

O<u<e = ¢"(u)<ne”(07).
Using that Sne’”(07) < —2, for any u € (0,&) we have
K" (u) = 2+ Bg" (u) < 2+ Bne”(07) < 0.

Hence K’ is strictly decreasing on (0,¢). Combining the latter with £'(07) = 0
shows that K'(u) < 0if 0 < u < e. Hence K is strictly decreasing on (0,¢) as well.
Combining this with £(0) = 0 shows that (u) < 0 if 0 < u < e. The latter shows
that Fj, does not have any local minimum at xo(hg) = 0.

Proof of (2.11). For either x = x1 or x = xo if H3 holds, we can write that

Fy(x() = (x(y) —u)* + Be(x())-

Using that x(y) satisfies (2.6), we get

Ty(x(y)) =2(x(y) —y)(X'(y) = 1) + B¢" (x())X' () = 2(y — x(v))-

For x = xo = 0 under H4 we find F,(x(y)) = y* for all y € [0, ho); hence (2.11) holds
again.
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Proof of Proposition 3.2. Consider first that » < p. Using the change of
variables © — (z, ) given in (3.10), we consider F(z, z,) = F,(Hz + Hpzp), namely

(7.1) Fy(z,2) = | Bz + Byzy — y|> + 8 o(2li]),
eJ

where B and By, are given in (3.11). Let & be a minimizer of F,. Equivalently, (2, 2),
where 2 = GZ and 2, = G2, is a minimizer of Fj. Using that in particular the
derivative of Fy with respect to z is zero, we have 2, = o, (2), where g, : R" — RP™"
reads

0,(2) = — (BI'By) " B (Bz—y).

~

Put Fy(z) = Fy(z,04(2)), ie.,

(7.2) Fy(2) = |P(Bz = y)|> + 8 w(=[i),

i=1

where P is as given in (3.12). If p = r, then z; is empty, and (7.2) holds with P = I.
Clearly, & is a global minimizer of F, if and only if 2 = G is a global minimizer
of Fy. In the following we focus on F,. Our reasoning relies on the observation that
if 2 is a global minimizer of F,,, then for any i € J, the function f; : R — R,

fi(t) = Fy (2 + (¢ = 2[i])e)

has a global minimum at ¢ = 2[i]. After some elementary calculations, we can write
that

(7.3) fi(t) =t || Pby||* + 2t w] Pb; + Bo(t) + ki,
where bj =DBe;, j=1,...,r,
wi= Y b2l -y,
JEI\{i}
ki = |Pwill>+8 Y o(zlj])
jeI\{i}

If Pb; = 0, the function f; has a unique minimum at £ = 0, which entails that gfs =0.
Hence we have proved (i).
Next, we consider that Pb; # 0. Put

1Pbil[? + aff

4 _ _ .
(74) X0 B

and x1 =

12 ~
If |w! Pb;| < w, then f; has a unique minimizer which reads ¢ = o and satisfies

IPol? 1
Va (IPb]+af) = Va

. 2 ~
If lwl'Pb;| > “PM%, then f; has a unique minimizer which reads t = y; and

satisfies
H || +af >

> e (o)~ VaTi
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If % < |wl'Pb;| < W, then f; has two local minimizers reached for
Xo and xi. So, the global minimizer 2 of F}, is either 2 = 2y or 2 = 21, where
(75) 20 =2+ (XO — 2[2])(% and 21 =2+ (Xl — 2[2])61

Let us denote A = F,(29) — F,y(21). We have 2 = 2y if A <0 and 2 = 2, if A > 0.
Using that

) — __\Ti - Y) ) d f — T ) ;s
fz(XO) ||Pb1||2+0(ﬁ +K’Z al f’L(Xl) ||Pbl||2 +ﬂ+"£
it is easily found that
afB(wl Pb;)?
A= filxo) — fil) = oW B0 g

IPbil (1Pl + )

Consequently,

. [ |1Pb? 1
A<O0 = = xo < = I,
= Bl=x0 <\ PR +ap) ~ Va

B ||Pbi||2+aﬁ_ 1
=\ TP T Vaty

Hence we have proved (3.14). If F, has a unique global minimizer, we have either
A < 0or A >0, which implies that the inequalities in (3.14) are strict.

Proof of Proposition 3.4. The reasoning here is similar to the proof of Propo-
sition 3.2. We first obtain the equivalent cost-function given in (7.2) and then check
the minimizers of f; : R — R as introduced in (7.3). Define now xo and x; by

T P,
Xo=0 and y;=—" #0

[1Pbs]|?
If PBe; =0, (7.3) shows that f;(t) = B¢(t) + k;: the global minimum is reached for
t = 0, which entails that g7 # = 0, as stated in (i). Consider next that PBe; # 0.
In all cases, f; has a local minimum at ¢ = 0; notice that if w,:-bei = 0, this is the
unique minimizer of f;. If w! Pb; # 0, there is another local minimum at t = x1. So,
the global minimizer of F), is either 2 = 2y or Z = %;, where 2y and 2; read as in (7.5).
Using that

(w] Pb;)?

fi(0) = x; and fi(Xl):_W

+ﬁ+"<‘7i7

it is found that
(w] Pb;)?

A =Fy(z) - Fy(z2) = fi(0) - filx1) = RIS

— 8.
It follows that

A<0 = [2[i][=x0 =0,

VB

A0 = 2fi]l=x1 > 22
| Pbi |

Hence we have proved (3.30). If F, has a unique global minimizer, we have either
A < 0 or A > 0; hence the inequalities in (3.30) are strict.
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Proof of Proposition 4.2. For any = € RP satisfying |g] z| # ﬁ for all i € J,
the function Fj, is C2. Its second differential D?Fy,(x) is of the form (4.7), where

v 20 if gzl < ﬁ,
¥ (gi J;) - . T 1
0 if |gjz|> Ta

This, combined with the invertibility of AT A, entails that D?F}, () is positive definite.
It has been shown in [33] that if & is a (local) minimizer of F},, then

(7.6) g7 &| # VielJ.

1
Va
Hence & satisfies DFp,(Z) = 0, and the minimum of Fj, at & is strict.

Implication (4.11). We start with analyzing the sign of the constant x,

(7.7 k= (Alg)TA(ly — x,) = (Alx)" (I — A(ATA+ BaGTG) 7' AT) Ally,,

where Y. is given in (4.10). Let us notice first® that all the eigenvalues of A(AT A +
BaGTG)LAT are in [0,1]. Then it follows that k > 0. If k = 0, then

A(ATA + BaGTG) T AT Ally, = Alls.

Since AT A is invertible, this is equivalent to (AT A + BaGTG) 1 AT Ally = 1x. Con-
sequently, GTG1ly = 0. By H6, this is impossible unless ¥ is empty. It follows that
K> 0.

We will consider that h € (0, ho), where

-1
— mi T B
(7.8) homm{<\/a rlnea}<|gl Xz:|> A }
Let us examine the possibility that F}, has a (local) minimizer & satisfying
(7.9) T3] < — VieJ
. g; & Ta 1€ J.

8Denote M = BaGTG. Let A and v be such that A(AT A+ M)~'ATv = \v; then clearly X > 0.
If ATy =0, then XA = 0. In the following, consider that ATv # 0. Using that AT A is invertible, we
deduce that

(ATA + M)71 ATy = A(AT A)~1AT .
Multiplying both sides of this equation by vT A(AT A)~1(AT A + M) yields
2T AATA) "1 ATy = T A(AT A)~2 (ATA + M) (AT A)~1 ATy
=T AATA)TTATy + T AATA) T M(AT A) =1 AT .

If we denote ¢c; = vTA(ATA)"' ATy and ca = vT A(ATA)"1M (AT A)~1 ATy, the latter equation
becomes

(1 =X)er = Aea.

Since ATv # 0, we have ¢; > 0. Combining this with the facts that co > 0 and A > 0 shows that
1-A2>0.
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In such a case, ¢'(gf' %) = 2a gl'# for all i € J. Introducing this into (4.6) shows
that the equation DFj (%) = 0 has a unique solution which reads & = hy,. Since
h € (0, hg), it is easy to check that (7.9) is satisfied and that

F(2) = h*(Alg)T A (g — x,.) = h%k < B.

If # # # is another (local) minimizer, there is i € J such that |g] Z| > —=; hence

Fp(2) =2 8> Fa(Z).

It follows that if h € [0, hg), then F} reaches its global minimum at &, = hx,,.
Implication (4.12). In the following, suppose that h > hy, where

1 12681
1 = .
(7 0) hl \/a Ymin + Omin

Let & be a global minimizer of F},. With & we associate the subsets fo and jl defined
by

~ 1 ~ 1
Jo{iGJ:|giT§:|<\/a} and Jl{iGJ:’giT:fc >\/a}.
Using (7.6), J = Jo U Jy. Then we apply the reasoning behind the proof of Theorem
4.1(ii) with the modifications explained next. In item (C1) we take g = ——. In

\/a
item (C2) we consider ¢(gl'#) =1 for all i € J1, which leads directly to (4.9). In this
way we find that jo = Jy and jl =Ji.

If & # hly, using that AT A is invertible we find ||A(Z — hlg)| > 0, and hence
Fpn(2) > Fy(h1y). It follows that the global minimum is reached for & = hly.

Proof of Lemma 4.5.
Statement (i). Let us define p by

p = min min|g-va| L b
ies - maxllg||” 2| AT(AZ —y)] +1

For any u € RP such that 0 < |lu]| < p, define A(u) by
Au) = Fy(2 +u) — Fy(2)
= A& +u) — y|I* — || Az —y||?
+8> gl @+u) =8> elgld)+8 elgl @ +u) =B elgl ).
A ieh icdo ieJo
Since g7'# =0 for all i € jb, the last term in the expression above vanishes. Further-
more,
0<lul <p = |97 (@+u)| >0 Vi e Ji,
= (o (@ +u) =1=¢(¢[2) Viel.

It follows that
(7.11) Au) = |AGE +u) —y))* = | Az — ylI* + 8 ) @(g] u).

iEjo
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(=) Since Z is a (local) minimizer of F,, there is py € (0, p) such that A(u) >0
for all u € B(0, po). Noticing that & € K (J1) and that the last term in (7.11)
vanishes if u € K (J7), it is seen that

(7.12) IA(E +u) — ylI* — [A¢ —y|* > 0 Vu e K(J1) N B(0, po)-

Clearly, the inequality above holds for every u € K (jl)
(<) Let u € RP? be such that 0 < |lu]| < p. We can decompose u into

~ L
u=1ug+uy, where wuy€ K(J;) and wu; € (K(J1)> .

Consider first that u; # 0. Then there is j € fo such that gl'u; # 0, and
hence ¢(glu) = 1. It follows that

(7.13)
A(u) > [|Aul® + 2(Az —y)" Au+ 8 > 2| AT (A% — y)|| [Jul| + 5 > 0.

If uy = 0, then u € K(J;) N B(0, po), in which case A(u) = || A(E +u) —yl|? —
|| Az — y||? > 0 since (7.12) holds by assumption. It follows that A(u) > 0 for
all u € B(0, po).
Statement (ii). The case when h = 0 is trivial. Consider next that h # 0. Since
& € K(J1), then h# € K(J;) as well. Using (i), we have to show that hZ minimizes

~

z — ||Az — hy||? on K(J;). For any u € K(J;), we have
u 2
| A(ha +u) = hyll® ~ || Az — hy|> = (HA (2+3) -4 - ||A5c—y||2) >0,
where the inequality comes from the observation that & minimizes z — || Az — y||* on

K(J)).

Proof of Proposition 4.6.
Implication (4.19). We will show the statement for ho given by

where £ > 0 is defined in (4.15). Using Lemma 4.5, F}, has a minimizer & € K(0);
using H6, it reads & = ¢ 1, where ¢ minimizes the function

¢ — [|A(cl - rls)|%;
hence é = h¢ and Fjy(¢ll) = h2¢. This is the unique minimizer of F}, belonging to
K(0).

Let & # & be another (local) minimizer of Fj,. Then & ¢ K (). Using H6, there
is j € J such that g]Ti # 0, and hence cp(ngi) = 1. It follows that for h € (0, hg),

Fi(Z) > B = h2¢ > Fp(e).
Implication (4.20). Given J; C J1, let u(J1) € R? be the unique solution to

(7.15) minimize ||A(z — 1g)||> subject to x € K(J;).
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Then define
K= min{||A(u(J1) 1)) i C A {Jl}}.

Since AT A is invertible, ||A(u(J;) — 1x)||? > 0 if J; # Ji; hence k > 0. We will
consider that A > hy for

hi = ﬁi‘h.

Let & be a (local) minimizer of Fj,, and let Jy and .J; be defined according to (3.22).
Consider first the possibility that J; # J;. Using Lemma 4.5(ii),

~

T=h U(Jl),

where u(J;) is the solution to (7.15). Since h > hy,
A 2 T 2 T 2
Fu(@) = 02 |4 (u(h) = 1) |+ 8851 2 b2k > Bt = Fa(hlls).

It follows that no & such that jl # Ji is a global minimizer of Fj,. Reciprocally, if Fj,
reaches its global minimum at &, then J; = J; (and, equivalently, Jo = Jy). Using
Lemma 4.5, we find that & = hly.
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