ﬁ:‘ Journal of Mathematical Imaging and Vision 21: 155-175, 2004
‘ (© 2004 Kluwer Academic Publishers. Manufactured in The United States.

Weakly Constrained Minimization: Application to the Estimation of Images
and Signals Involving Constant Regions™

MILA NIKOLOVA
CMLA UMRS8536 —ENS de Cachan, 61 av. President Wilson, 94235 Cachan Cedex, France

nikolova@cmla.ens-cacahn.fr

Abstract. We focus on the question of how the shape of a cost-function determines the features manifested
by its local (and hence global) minimizers. Our goal is to check the possibility that the local minimizers of an
unconstrained cost-function satisfy different subsets of affine constraints dependent on the data, hence the word
“weak”. A typical example is the estimation of images and signals which are constant on some regions. We provide
general conditions on cost-functions which ensure that their minimizers can satisfy weak constraints when noisy
data range over an open subset. These cost-functions are non-smooth at all points satisfying the weak constraints.
In contrast, the local minimizers of smooth cost-functions can almost never satisfy weak constraints. These results,
obtained in a general setting, are applied to analyze the minimizers of cost-functions, composed of a data-fidelity
term and a regularization term. We thus consider the effect produced by non-smooth regularization, in comparison
with smooth regularization. In particular, these results explain the stair-casing effect, well known in total-variation
methods. Theoretical results are illustrated using analytical examples and numerical experiments.
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1. Introduction the prior knowledge about x. The construction of cost-

functions, adapted to particular estimation problems,

We consider the estimation of an unknown x € £ (an
image, a signal) from data y € F by minimizing with
respect to x a cost-function f:£ x F — R, where
&€ and F are real, affine, normed, finite-dimensional
spaces. The vector spaces tangent to £ and F will be
denoted E and F, respectively. Givendata y € F, we fo-
cus on local (and hence global) minimizers of f(., y),
i.e. points X € & such that
fGE,y) = f(x,y), forallxe O, (1)
where O C £ is an open domain where f(., y) has a

local minimum. Cost-function f has to convey both the
relationship between the data and the unknown x, and

*This work was done while the author was with Dpt. TSI-CNRS
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is a critical topic in estimation theory. Typical ways
to construct cost-functions are based on PDEs [10, 40,
46], or on probabilistic considerations [3, 15]. Our work
suggests an alternative approach since it furnishes an
insight into the relationship between the shape of a
cost-function and some essential features exhibited by
its local minimizers. Concretely, this paper is dedicated
to the question of how, given a set of affine operators
and vectors, say g; - € — R* and 6; € R®, fori =
1, ..., r, the shape of f favors, or conversely inhibits,
the possibility that for some y € F, the function f(.,y)
admits local minimizers X € £ satisfying

g,()%) = 9,‘, Vi € L,
with Lc{l,...,r} and L#%. (2

Foreveryi =1, ..., r, the linear operator correspond-
ing with g; reads G; € L(E, R*), where L(., .) denotes
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the set of linear operators between the relevant vec-
tor spaces. When £ is a vector space, £ = E and
g =G;, foralli =1,...,r.If £ = R?, and for all
iefl,...,p},wehave§; = 0and[g;(x)]; = x; —x},
for j neighbor of i, then (2) means that f(., y) has min-
imizers X which are constant on some regions. Such
minimizers can be seen in Fig. 2(a)—(c). Let us define
the function £ by

Lx)y={ie{l,...,r} : gg(x)=6;}, Vxef.
3
Reciprocally, with every L C {1, ..., r}, we associate
the affine subspace
KL = {)C €& gi(x) = 9,’, Vi e L} (4)

Then (2) is equivalent to say that X(y) € Kp with
L # (. The latter is a severe restriction since K, is a
closed negligible (i.e. of zero Lebesgue measure) sub-
set of £. The possibility to satisfy (2) can be seen as
a weakly constrained minimization since for different
y € F, the different local minimizers X of f(.,y)
satisfy different subsets £(x) of constraints. We are
induced to consider the way the local minimizers of
f(., y) behave under variations of y. Thus we analyze
local minimizer functions.

Definition 1. Let f : £ x F — Rand N € F. We
say that X : N — £ is a local minimizer function for
the family of functions f(., N) := {f(.,y):y € N}
if for any y € N, the function f(., y) reaches a local
minimum at X'(y). Moreover, X is said to be a strict
local minimizer function if f(., y) has a strict local
minimum at X (y), for every y € N.

We consider functions f which can be convex or
non-convex, smooth or non-smooth. Our results ad-
dress both local and global minimizers. Our main re-
sults provide general conditions on cost-functions f
which ensure that either (2) is a generic property of
their local minimizers, or (2) does almost never oc-
cur. The former behavior is manifested by non-smooth
cost-functions, whereas the latter behavior character-
izes smooth cost-functions. This work is hence an at-
tempt to capture specific features exhibited by the local
minimizers of non-smooth cost-function, in compari-
son with smooth cost-functions.

All results obtained in the general setting mentioned
above are applied to regularized estimation. We con-
sider regularized cost-functions f, defined on R” x R:

fx,y) =¥, y)+ BP(x),

mumm=§:@mm—@x (5)
i=1

where B > 0is a parameter and & is the regularization
term. Foreveryi = 1, ..., r,the functiong; : R® - R
is piecewise C", with m = 2. Now & = R?, F =
R? and G; € LR?,R%), foreveryi = 1,...,r. The
function £ introduced in (3) now reads

x):={iell,....r}:Gix =6;}. ©)

In this work, the data-fidelity term ¥ : R? x R? — R
is any explicit or implicit C"-function, with m = 2.
Usually, ¢ comes from a statistical modelling of the
data-acquisition. The most often

¥(x,y) = [|H(Ax = p)II%, @)

where ||.|| is the Euclidian norm on R? and A €
L(R?, R?) can represent a blur operator, a Radon trans-
form in X-ray tomography, the identity in denoising
problems, and many others. The expression in (7) sup-
poses that data y are corrupted with Gaussian noise
with covariance matrix (H7 H)~!.In both emission and
transmission computed tomography (ECT and TCT,
respectively), data y are the observed photon counts,
whereas x € (R”)} is a map of the density of the
material which is examined. Then

q
Y(x,y) = Z [QaiTx —y;iIn (aiTx)] (ECT),

" ®)
Y(x,y) =Y [oexp(—a/x) + yia] x] (TCT),

i=1

B

where a] € L(R?,R), fori = 1,...,q, have non-
negative entries and o > 0 is a parameter [9, 22, 27].
The most typical form for the regularization term &

in (5) corresponds with

i) =9 =9¢(zl), Vi=1....r, (9

where ¢ : Ry — R is C" for m = 2. Popular

choices for ¢ are [2, 4-6, 8, 11, 20, 21, 22, 31, 35,



40, 45]

@ ¢(t)=1", 0<a =1

() (1) = at /(1 + at)

©) o) =1 = D=

dot)=1", 1<a=2

(e) ¢p(t) = at?/(1 + at?) (10)
() ¢(t) =1 —exp(—at?)

() ¢(t) = Va +12

(h) (1) = 1> Ngyroe(at 2] t—a g

@) ¢(t) = min{l, at?}

where 1) = 1 if the expression s is true and 1) = 0
otherwise.

In many applications, the minimization of f(., y) is
subjected to some affine constraint. Given y € R, the
sought solution X € & is defined by

F@E ) = flx,p),
forevery x € O suchthat Cx =b, (11)

where C € L(R?, R”) and b € R, are given. Unlike
the problem formulated in (2), the constraint in (11) is
strong since it enforces that £ € £ where

E:={xeR’:Cx=>b} (12)

Now & is an affine subspace of R” of dimension
pE := p—rank C. Noticing thatforany y € RY, any lo-
cal solution X to (11) is a local minimizer of f|¢(., y),
the restriction of f(.,y) to £, we will apply the re-
sults obtained for general affine spaces to constrained
minimization problems of the form (11).

To our knowledge, the critical question of the way
the shape of a cost-function f determines the features
exhibited by its local minimizers has never been con-
sidered in a general setting. The question of implic-
itly, weakly constrained minimization, as presented in
(2), has never been formalized previously. Several re-
stricted questions, entirely falling into the scope of our
problem, have been considered in the field of image
and signal estimation. In [17], the ability of f(x, y) =
lx=ylI*>+8 > ; lxi| to recover “nearly black images,”
i.e. that X; = 0 for many pixels i, is interpreted using
mini-max decision theory. In an example in [20], it is
discussed that if y is a one-dimensional ramp-shaped
signal and if £(x, y) = lx = y[I>+8 X, ¢(lxi — xi11)
with ¢ the function in (10)-(b), then % is step-shaped—
ie. X, = X;4 for almost all indexes except one.
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Total-variation methods, pioneered in [40], amount to
@, y) = 1Ax = y|I> + B X, |Gix ||, where {G;} are
first-order difference operators. This cost-function, in
the case of one-dimensional signals, is considered in
a Bayesian framework in [1]. Total-variation regular-
ization has been observed to produce a “stair-casing
effect” [13, 16] consisting in the presence of constant
zones in X, that is G;X = 0 for many indexes i. A first
explanation to this phenomenon was given in [32, 34].
In [37], stair-casing for total-variation is studied in a
continuous setting. Our work may also be related to
stability problems which has been widely studied for
the purposes of optimization [7], and especially in the
framework of Moreau—Yosida regularization [24, 28].

Organization of the Paper

The notions of one-sided differentiability, used in
what follows, are presented in Section 2. Conditions
on cost-functions ensuring that (2) is a property of
their local minimizers, are established in Section 3.
In Section 4, we show that (2) can almost never oc-
cur for a smooth cost-function. Numerical illustrations
are given in Section 5, with concluding remarks in
Section 6. The proofs of all statements are outlined
in the Appendix.

Notations

We systematically denote S := {x € K : ||x|| = 1}
and B(X, p) :={x € L: |lx — X|| < p}, where K and
KC are a vector space and an affine space, respectively,
which are appropriate to the context. Given a set M,

M denotes its closure and M its interior. The cardi-
nality of a discrete set L is denoted #L. If L, C L,
the complement of L; in L is denoted by L{. For a
function f : £ — R and a subset N C &, we write
down f(N) :={f(x):x e NLIf f:EXF —> R
is smooth, Df‘ f, for i = 1,2, denotes its kth-order
differential with respect to the ith variable. If IC C £
is a subset, by a slight abuse of notation, f | will de-
note the restriction of f : £ x F — Rto £ x F.
The orthogonal complement in a vector space E of a
vector subspace K C Eis denoted by K. If A is a real-
valued matrix, AT is its transpose. The components of
a vector, say x € R”, are denoted either x;, or [x];,
fori = 1,..., p. When it is clear from the context,
we write {6;} to address a previously introduced family
{6;, fori =1,...,r}
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2. One-Sided Semi-Derivatives and Derivatives

The notions introduced below are adapted to analyze
non-smooth functions f leading to (2).

Definition 2. For y € F given, the one-sided semi-
derivative of a function f(.,y) : £ — R at a point
X € & inadirection u € E is defined by

SR+, y) - f&. )
; )

S1f (X, 9)(u) = liItr{‘iOnf
13)

where the index 1 in §; specifies that we address deriva-
tives with respect to the first variable of f.

The expression (13) gives rise to a one-sided semi-
derivative application:

ExF xE— R,

(x,y,u) — 81 f(x, y)u). (14)

The scalar in (13) and the application in (14) are always
well-defined.

Definition 3. The function f(., ) : &€ — R admits
at £ € £ a one-sided derivative in a direction u €
E, denoted 51 f(x, ¥)(u), if the following limit exists:
8 f(&. P)w) = limp o (f G + tu, §) — f(&, ) /1.

The one-sided derivative of f(.,y) at ¥ € & for
u € E exists if, and only if, the inferior limit in
(13) can be reduced to a simple limit, in which case
81 f(X, W) = 8, f(%, (). In order to simplify the
notations, we will systematically write § in place of &’
and specify the kind of the one-sided derivative. Ob-
servethat§; f(X, ¥)(u)is aright-side derivative and that
the relevant left-side derivative is —4; f (%, y)(—u). If
f(., y)is differentiable at X for u, then 6; f (X, y)(u) =
=81 f(&, 9)(—u) = & f& +tu, )li=o.

Below we give a necessary condition for a lo-
cal minimum of a possibly non-smooth function
[14, 24, 38].

Lemma 1. If for € F, the function f(.,¥) has a
local minimum at X € &, then 8, f(X, y)(u) Z 0, for
every u € E, where §, denotes a one-sided (semi-)
derivative.

One-sided (semi-)derivatives may in particular be
infinite. In this paper we restrict our attention only to

functions f for which &, f is finite. The results pre-
sented in the following can be extended to functions
with infinite one-sided (semi-)derivatives but this needs
separate considerations. The case of infinite one-sided
derivatives for a class of regularized cost-functions
was considered in [34]. In that case, infinite one-sided
derivatives facilitate the obtention of local minimizers
which satisfy (2). This is illustrated by Example 6 given
in Appendix, as well as by Fig. 2(c). In the following,
we will need to know how one-sided (semi-)derivatives
behave in the vicinity of a point (X, ¥) under variations
of the direction u.

Definition 4. Given an affine subspace L C £ and a
vector subspace K+ C E, along with a point (%, §) €
JCx F and adirectionu € K+, we say that the one-sided
semi-derivative application §, f is defined uniformly on
a neighborhood of (%, y, u), included in K x F x KL,
say (N; x Ny x N,) C (K x F x K1), if the function

.o fetty) — fx,y)
inf
te(0,0) t

o —

. (15

defined for o > 0, converges towards §; f(x, y)(u') as
o \{ 0 uniformly for all (x, y, u") € (Nz x Ny x N).

Notice that one-sided differentiability does not imply
uniform definiteness.

Definition 5. The one-sided derivative application
(x,y,u) = & f(x,y)(u) is defined uniformly on a
neighborhood (N; x N3 x N,) C (K x F x K*) of
(%, ¥y, u), if the function

fx+rtu,y)— f(x,y)
; ,

t —

(16)

defined for r > 0, converges towards &; f(x, y)(u') as
t ¢ 0 uniformly for all (x, y, u’) € (N; x Ny x Ny).

Our theory does not address functions for which
the one-sided (semi-)derivative application is not uni-
formly defined on any neighborhood of (%, 7, u). Ob-
serve that Definitions 4 and 5 address only func-
tions f for which §;f is finite on (N; x Ny X
N,) C (K x F x K'). A function admitting
uniformly defined one-sided semi-derivatives, but
not admitting one-sided derivatives, is considered
below.



Example 1. Let f : R?> x R? — R be given by

S, y) = v, y) + o — x2),

1 1
Y(x,y) = E(xl +x2 = y1)* + E(Jﬂ — X2 — ),

1
t(2+sin;> ift >0,
Bt—(—12+1 if —1/2=t =0,
1/4 ift < —1/2.

o(t) =

Notice that ¢ is C* on (—1/2,0) U (0, 400) and that
it is continuous at zero where ¢(0) = 0. In this case,
G, =[1, —1]. We focus on L = {1}. By (4), we have
K:{l} = K{l} = {u S Rz LU = ug} and K{ll} = {M (S
R? : u; = —u,}.Considersome x € Ki1y. The function
f does not admit at x a one-sided derivative for any
u € K{Ji} [Definition 3]. Its one-sided semi-derivative
81 f [Definition 3] reads (the details are given in the
Appendix)

S1f O, )W) = —yo(uy — up) + luy — usl. (17)

The application §; f is continuous. Moreover, for every
uek {Ji},

81, y)w) — inf f&+ 1, y) = fx,y)

0,0) !
0
olujus|

The above residual goes to zero when o\ 0 uniformly
on [Cyyy X R2x (K{ll} NS), hence §, f is defined uniformly
on this set.

ifuy > us,

ifu] é uj.

Related notions of one-sided differentiability have
been considered by many authors [14, 24, 28, 39, 42].
For instance, the semi-differential used in [39] amounts
to liminf o u—u(f(& + tu’, 5) — f(X, 3))/t, so the
behavior of the difference quotient is tested for all half-
lines & + tu’ converging to £ + fu. In comparison, for
one-sided (semi-)derivatives, it is tested only for the
half-line ¥ + tu. The definitions we adopt reflect the
ambition to use quite weak assumptions still allowing
us to exhibit the possibility to have property (2).
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3. Minimizers Involving Weak Constraints
3.1. General Cost-Functions

We start by considering cost-functions which do not
necessarily admit one-sided derivatives. The theo-
rem below contains the main contribution of this

paper.

Theorem 1. Consider an f : € x F — R, along
with a set of affine functions g; : £ — R® and vectors
6; e R, fori = 1,...,r. Let (X,5) € € x F and
put L = L(%), where £ is given in (3). Let K, be
defined by (4) and K|, be its tangent. Suppose that the
semi-derivative application [Definition 4]

KL x Fx((KinS) — R,
(x, y, u) = 81 f(x, y)u),

1. is lower semi-continuous on {X} x {y} x (KIJ: ns);
2. is defined uniformly on N; x N x (Ki N S) where
(N; x N) C K x F is a neighborhood of (%, ).

Suppose also that

(@) 81 f(x, ¥)(u) > 0foreveryu € Kf ns;

(b) ¥ is contained in a neighborhood N C F such
that f |k, (., N) admits a local minimizer function
X, : N — K [Definition 1] which is continuous
at y and satisfies x = X (3).

Then there is aneighborhood Vi, of ¥ such that f(., Vi)
admits a local minimizer function X : Vi — £ which
satisfies X(y) = x and

yveV, = g (X)) =6;, foralli e L. (18)
More precisely, X(y) = X (y) € K, for every
y € V. In addition, if X is a strict local mini-

mizer function for f |, (., N), then X is a strict local
minimizer function for f(., Vy).

Notice that the tangent of X reads K;, = {u € E :
G;u = 0,Vi € L} where {G;} are the linear operators
associated with {g;}. Assumptions 1 and 2 concern the
regularity of f on a neighborhood of (X, ) while (a)
and (b) state a proper sufficient condition for local min-
imum. We see that once a data point y yields a local
minimizer X of f(., y) with L := £(X) non-empty (such
a y can usually be determined), there is a neighborhood
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V. of ¥ such that if y € V, then g;(X(y)) = 6;, for
all i € L. It is striking to observe that in spite of the
fact that y ranges over an open subset of F, the mini-
mizer function X evolves in an affine subspace strictly
included in &.

To illustrate Theorem 1, we calculate a minimizer of
the function considered in Example 1.

Example 2. By (17), Assumptions 1 and 2 of
Theorem 1 are valid. By (17), condition (a) reads
yo(uy —up) < |luy—uy|, Vue K{J;}, which is equiva-
lent to |y,| < 1. The restriction of f(., y)to Ky reads
flicy (e, y) = 3(x1 + x2 — y1)?, where x; = x,. This
function is strictly convex and yields

1 &), VyeR2.

Hence, condition (b) is satisfied for every y e RZ.
According to Theorem 1,

yeVy =y eR:|n<l}=

yron
X(y) = <7’ 7) e K.

(19)

Notice that &’ is a strict global minimizer function and
that f(., y) has an infinity of local minimizers.

Next we focus on functions which admit one-sided
derivatives in the sense of Definition 3.

Proposition 1. Consider an f : € x F — R and
(X,9) € & x F. Let {g;}, {6;}, L, K1 and K| be as in
Theorem 1. Let (X, ¥) be contained in a neighborhood
(N; x N) C (K x F) such that f is continuous and
has a uniformly defined one-sided derivative applica-
tion 81 f on N3y x N X (KIJ: N S) [Definition 3). Then
81 f is continuous on {X} x {y} x (Ki ns).

If there is aneighborhood of (X, ¥) where f is contin-
uous and admits a uniformly defined one-sided deriva-
tive application §; f, and if conditions (a) and (b) of
Theorem 1 are satisfied, then (18) holds.

3.2.  Application to Non-Smooth Regularization

We will apply the results obtained in Section 3.1 to pos-
sibly constrained minimization problems of the form
(11) for cost-functions f : R? x R? — R as given in
(5).Foranyi =1, ..., r, we suppose that

H1 the function ¢; : R® — R is C" on R* \ {0}, for

mz=2;

H2 at zero, ¢; admits a one-sided derivative appli-
cation u — 8¢;(0)(u) [Definition 3] which is defined
uniformly on S.

In some cases, ¥ may assume the form ¥ (x,y) =
Y(x,y) + Y0, #(Gix — 6;), where ¥ is a data-
fidelity term and @;, fori = r + 1, ..., rg, are C"-
functions, form = 2. Thus the formulation in (5) allows
us to address cost-functions combining both smooth
and non-smooth regularization terms.

We will consider the subspace £ defined in (12).
Similarly to (4), forany L C {1, ..., r} we define

Kr={xe&:Gix=6,Viel). (20)

It makes sense to consider only subsets L such that X,
is of dimension = 1 and is strictly included in €. The
tangents of £ and K nowreadE = {x € R” : Cx = 0}
and K;, = {x € E : G;x = 0,Vi € L}. The next
proposition concerns the regularity of f.

Proposition 2. Let f be as given in (5), where all
i, fori = 1,...,r, satisfy Hl and H2. Let £ be as
defined in (12). Suppose that there is an open subset
(Ny x Ny) C (€ x RY) where  is C™ withm = 2.
Then for every X € K N Ny, such that G;X # 6; for
all i € L°, and for every ¥ € N,, there is a neigh-
borhood (N; x N) C (K x R?) containing (%, y), so
that f has a uniformly defined one-sided derivative ap-
plication 8, f on N; x N X (KIJ: N S) [Definition 5).

Given L C {l1,...,r}, we decompose f into
fx, )= folx, y)+ fr(x), where

fox,y) =¥, )+ B ¢i(Gix —6),
ielL¢ (21)
i) =B ¢i(Gix —6).
ieL
If L = £(%), for £ as defined in (6), then fy(., y) is
C™ on a neighborhood of & included in £, whereas f},
is non-smooth at £ for all directions in K;. Clearly,
81 (R, )W) = D1 fo(k, y)u+38fL()(w) forall u € E.

Theorem 2. Consider problem (11) with f of the
form (5), where every ¢;, fori = 1,...,r, satisfies
H1 and H2. For € R? given, let X € £ be a solu-
tion to (11) where £ reads as in (12). Put L := £(X)



for € as given in (6). Let K, be as in (20) and K|, be
its tangent. Assume that (X, y) is contained in an open
neighborhood (N, x N) C (£ x R?) where ¢ is C"
withm Z 2. Suppose also that

@ Difo, P > =B, 5¢:0)Giw), for every
u e Ki nsS;

) folk,(.,N) has a local minimizer function X, :
N — Ky which is continuous at y and X = X (¥),

where fy is as given in (21). Then there is a neighbor-
hood Vi, of y such that f(., VL) admits a local mini-
mizer function X : V; — & which satisfies X(y) = %
and
yeV, = G;X(y)=6;, forallielL.

More precisely, X(y) = Xp(y) € K foreveryy € V.
In addition, if X} is a strict local minimizer function for
S i, (., N), then X is a strict local minimizer function

for f(.,Vp).
Next we check H1 and H2 for {¢;} of the form (9).

Proposition 3. Let ¢ : R® — R read

p@) = ¢([lul)), (22)

where ¢ : Ry — R is continuous, C™ form = 2 on
(0, +00) with ¢’ (0") > 0 finite. Then the function u —
o(u) satisfies H1 and H2, and we have 5¢(0)(v) > 0,
forallv e R®.

The fact that ¢’(07) > O implies that ¢ is non-
smooth at the origin. Among the functions given in
(10), we have ¢'(0") = 1 for (a) with @ = 1 and
¢'(0") = « for (b).

3.3. Commentary

Assumptions 1 and 2 of Theorem 1 are general enough.
By Proposition 2, they are are satisfied by general reg-
ularized cost-functions. They hold also for the function
in Example 1.

3.3.1. On Condition (a). InTheorems1and?2, f(., y)
has a local minimum at X, hence §; f(%, y)(u) = 0, for
all u € E, according to Lemma 1. In comparison, (a)
requires only that this inequality be strict for every
u € Ki- C E. So, (a) is not a strong requirement. If
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f is a regularized cost-function of the form (5)—(7)
and satisfies some technical assumptions, the analysis
in [18] shows that for almost every y (except those
contained in a negligible subset of R?), every local
minimizer X of f(., y) satisfies (a).

Letus come back to Example 1. If for some y, f(., y)
hasaminimizer & € KCyjy, then (17) shows that |y,| = 1.
For all y € R? with |y;| > 1, if f(.,y) has a local
minimizer %, then ¥ € R? \ K1y. Joining this with
(20) shows that the only points ¥ for which f(., ¥)
may have a minimizer X € K{;), without satisfying (a),
correspond to § € {y € R? : |y;| = 1}: the latter is a
closed, negligible subset of R2.

The remark below gives indications how to construct
cost-functions whose minimizers satisfy some weak
constraints of the form (2).

Remark 1 (f is non-smooth on all Kl{i}). By (a),
f(., ¥) is non-smooth at X for every non-zero direction
u € Ky, since =8, f(%, §)(—u) < 0 < & f(&, )(u).
Moreover, there is a neighborhood N; of X, included
in K, and a neighborhood N of ¥, so that for every
y € N, the function f(.,y) is non-smooth at each x €
N; C Ky, foreveryu € Kj. More generally, if we wish
that for different y the minimizers X of f(., y) satisfy
(2) for different subsets L, we will ensure that for every
y € F, the function f(., y) is non-smooth on U;_, Ky;
in such a way that its one-sided (semi-)derivatives are
= 0.1If f is aregularized cost-functions of the form (5),
the latter condition is satisfied if foreveryi = 1, ..., r,
the function ¢; is such that —§¢;(0)(—v) < §¢;(0)(v),
forallv € R’, i.e. if its left-side derivatives are smaller
than its right-side derivatives. In particular, this holds
if §¢;(0)(v) > 0, for all v € R,

3.3.2. On Condition (b). Notice that the requirement
that X; is C"~!, for m = 1, does not need f | k, to be
smooth. The next lemma, which can be found in [19],
is important to check (b).

Lemma2. Letf :EXF — RbeC",withm Z2,0n
aneighborhood of (x, y) € £ x F. Suppose that f(., y)
reaches at X a local minimum such that Dlzf(fc, ¥) is
positive definite (i.e. its eigenvalues are > 0). Then
there are a neighborhood N C F containing ¥ and a
unique C"~" strict local minimizer function X : N —
&, such that D} f(X(y), y) is positive definite for every
y € N and X(¥) = X.
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Thus, condition (b) holds if f|x, is C™ on a neigh-
borhood of (%, ¥) belonging to I, x F, and if

Di(f k)X, 7)=0, and
D?(f | k,)(&, 9) is positive definite. ~ (23)

In many applications f is convex and D12 ( fl ICL) (x,y)
is positive definite for all x € £ with L = £(x), and
for all y € R?. Analyzing the possibility to have (b)
when f is non-convex is more intricate. In [18] it is
shown that if f is of the form (5) with HA one-to-
one, and {¢; } possibly non-convex and satisfying some
non-restrictive assumptions, then for almost every y €
R? (except those contained in a negligible subset of
RY), for every local minimizer X of f(., 7), there is a
neighborhood N C R? and a C"~! local minimizer
function X : N — K, with ¥ = X(9) and L = £(%).
Then X, = X is as required in (b).

3.3.3. Significance of the Results. The conclusion of
Theorems 1 and 2 can be reformulated as

yeVi=t(X({y) 2L, (24)

where L := {(X(¥)). In particular, V; can contain
points y yielding g; (X(y)) = 6; for some i € L°.
However, by the continuity of X" at , there is a neigh-
borhood V, C V,. containing y such that

. g (X(y) =6 ifiel,

In other words, £ (X (y)) = L forall y € V;.

Focus on a minimizer function X' :N — £ for
f(, N)and put L = £(X(9)) for some y € N. By
Theorems 1 and 2, and by (25), the sets V;, and v,

Vii={yeN: LX) =2L}
={yeN: X0y ekK.}, (26)
Veoi={yeN:£(X(y) =L}, (27

contain open subsets of N, hence V; and V. are of
positive measure in . The chance that random points
y (e.g. noisy data) come across Vg, or V;, is posi-
tive. When data y range over N, the set-valued func-
tion (£ o X') generally takes several distinct values, say
{L;}. Thus, with a minimizer function X, defined on
an open set N, there is associated a family of subsets
{VLj} which form a covering of N. When y € VL,,

we find a minimum £ = X'(y) satisfying £(%) = L;.
This is the reason why non-smooth cost-functions, as
those considered here, exhibit local minimizers which
generically satisfy weak constraints of the form (2). For
aregularized cost-function of the form (5), with {¢;} as
in (9), {G,} first-order difference operators and 6, = 0,
for all i, minimizers X are typically constant on many
regions. This explains in particular the stair-casing ef-
fect observed in total-variation methods [13, 16, 40].
In the example below we derive the sets Vv, , for every
L c{l1,...,r},in the context of a particular f.

Example 3 (Total variation). Let f : R” xR” — R
be given by
p—1
ey =l1Ax—yIP+ B Ixi —xinal, (28)
i=1
where A € L(R?,RP) is invertible and 8 > 0. It is
easy to see that there is a unique minimizer function
X for f(.,R?). We exhibit two striking phenomena
characterizing non-smooth regularization:

1. for every point X € R?, there is a polyhedron W; C
R? of dimension #£(X), such that for every y € Wy,
the same point X (y) = X is the unique minimizer of
Gy )

2. forevery L C {1, ..., p—1},thereisasubset Vi C
R?, composed of 2P~#=! unbounded polyhedra of
R?, such that for every y € Vi, the minimizer %
of f(.,y) satisfies X; = X;4 for all i € L and
Xi # Xiy1 foralli € L.

Remark 2 (Classification rule). The function ¢
naturally provides a classification rule if for any
x € & we consider the two classes L = #£(x) and
L¢, its complement. By (24) and (25), the function
y — L(X(y)) is constantly equal to L = (X (7))
on V, and LX(y)) 2 LX(¥)) for all y € V. The
resultant classification is hence stable with respect
to small variations of the data (e.g. due to noise
perturbations).

Remark 3. By Theorems 1 and 2, we have X'(V,) C
KL, and hence rank DX (y) = dim K, forall y € V.

4. Locally Smooth Cost-Function
4.1. General Case

In this section we consider the possibility that a smooth
cost-function yields local minimizers which satisfy



weak constraints of the form (2). In what follows, £
and F are of dimensions p and ¢, respectively.

Theorem 3. Consideran f : € x F— Randlet X -
N — & be a differentiable local minimizer function
for f(., N),where N C F is open. Suppose f is twice
differentiable on N, x N where N, C & is open and
X(N) C N,. Let 0 € R* and let g : £ — R® be an
affine function such that

rank Dg(x) > p —rank Dy, f(x, y),
V(x,y) € Ny X N. (29)

For any N' C N with N'# (, define the subset Vy
by

Vi = {y € N': g(X(») = 0). (30)
Then

(i) the interior of Vy is empty,
(i) if X is C' on N, for any compact N' C N, the rel-
evant Vy is included in a closed, negligible subset

of F.

The proof of this theorem uses the following lemma
which relates the ranks of DX and Dy, f on N.

Lemma3. Let f, N and X be as in Theorem 3. Then
rank DX (y) = rank D, f(X(y), y), forall y € N.

We next focus on functions f which at some points
(x,y) € £ x F are non-smooth with respect to x in
such a way that —§; f(x, y)(—u) > 8 f(x, y)(u) for
some direction # € E. A popular function of this kind
is considered in Example 4. Let M denote the set of all
such points:

M ={(x,y)eEXF:3ueE with
=81 f(x, y)(—u) > 8 f(x, y)w)}, (31)

where &; denotes a one-sided (semi-)derivative
[Definition 2 or 3]. Notice that from Rademacher’s the-
orem [24, 36], when f is Lipschitz, M is included in a
negligible subset of £ x F.

Proposition 4. Let f be twice differentiable on £ x
F\M where M is the set defined in (31). Then for every
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¥ € Fforwhich f(., ¥) admits some local minimizers,
and for every local minimizer X of f(., ¥),

X9 ¢M.

Suppose there is an open set N C F such that f(., N)
admits a differentiable local minimizer function X :
N — E&. Suppose M is closed and negligible in £ x F.
Forg:& — R* and 0 € R® as in Theorem 3, let (29)
hold for all (x, y) € (€ x F)\ M. Then the conclusions
of Theorem 3 are valid.

4.2.  Application to Smooth Regularization

We focus on problem (11) and (12) where f is of the
form (5), and is smooth in the vicinity of its local min-
imizers. We suppose that for every i = 1, ..., r, there
is a closed subset 7; C R?, so that

H3 the function ¢; : R® — R is C"-smooth on R \
{T;}, form = 2;

H4 if T; # 0, then T; is a C'-manifold with dim T; =
s — 1, and for every z € T; there is ¥ € R® such that
—08¢i(2)(=D) > 8¢;i(2)(D), whereas —5¢;(z)(—v) Z
8¢i(2)(v) for every v € R’.

T; is nonempty for ¢; is of the form (9) with ¢ as in
(10)-(f). It is empty for (10)-(d), (e), (), (h).

Example 4 (Truncated quadratic function). Con-
sider ¢; : R® — R of the form (9) where

(1) = min{l, wr?} with o > 0.

This function was initially introduced in [21] for the
restoration of images involving sharp edges, and in the
sequel this ¢ was considered by many authors [6, 12,
31]. It is non-smooth at 1/,/a and C* elsewhere. The
set T;, evoked in H4, reads

1
n:{zeRS:nzu:ﬁ}.

Indeed, T; is a C*°-manifold of dimension s — 1. By
Definition 3, for any z € T,

if z7u =0,

if z7u < 0.

0
8i(2)(u) = {

—2a |z u|
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Hence H4 is satisfied in its full form. If s = 1, ¢;(z) =
¢(|z|) for z € R, then T; = {—1/a, 1//a} is a
manifold of dimension 0, and §¢;(1/4/a)(1) = 0 and
—8¢;(1/4/a)(—1) = 2,/a. Focus next on ¢;(G;x —
0;) = ¢(G;x]), with G; # 0, foreveryi =1, ...,r.
The set M introduced in (31) now reads

M:UMiqu, where M; = {x e R” : G;x € T;}

i=1

1
= {x e R? 1 |Gix| = ﬁ}

Every M;, fori = 1,...,r, is a C*®-manifold of di-
mension p — 1, hence M is a closed, negligible subset
of R” x RY.

Theorem 4. Consider problem (11) where f : R? x
R? — Ris of the form (5), and H3 and H4 are satisfied.
For £ as defined in (12), let X : N — & be a differ-
entiable local minimizer function for f | (., N) where
N C R?isanopen set. Suppose that \ is twice differen-
tiable on (N, x N) where N, is open and X(N) C N,.
For some L = {j1, jo, ..., ji} C{1,...,r}, put

Gjl 9]1
G, 0,

G:=| " and 0:=| " |. (32)
sz 0])

Let TIg : R? — E denote the orthogonal projection
and pg := dim &. Suppose that

rank (GIlg) > pg —rank D»y/ | ¢(x, y),
V(x,y) € Ny x N. (33)

Foreveryi € {1, ..., r}suchthat T; # @, assume that
rank (G;I1g) = s. Forany N’ C N, define

Viy :={yeN:GX(®y) =06} (34)
Then

() the interior of Vi y is empty;

(ii) if X isC' on N, then for any compact N' C N, the
relevant Vi, y is included in a closed, negligible
subset of RY.

This theorem is illustrated below using a very clas-
sical cost-function.

Example 5 (Regularized least-squares). Consider
the function f : R? x R? — R,

fy)=[Ax —yIIP+ BlIGx — 617,  (35)

where 8 > 0 and G € L(R?,R"). Since [44], cost-
functions of this form are among the most widely used
tools in signal and image estimation [15, 26, 29, 43].
Under the assumption ker(A” A)Nker(G” G) = {0}, for
every y € R?, the function f(., y) is strictly convex
and its unique minimizer X satisfies D; f(X,y) = O,
where D f(%, y) = 2(A% — y)T A +2B8(Gx — 6)TG.
The relevant minimizer function X : R? — R? reads

X(y)=(ATA + BGTG) W(AT y + BGTH). (36)

Let the rows of G be denoted G; € L(R?, R) fori =
1,...,r. For a given index i € {I,...,r}, we will
determine the set Vy;; of all data points y € R? for
which satisfy exactly the equation G; X(y) = 6;,

Vip :=1{y e R?: G;X(y) = 6;}.
Using (36), Vy;) equivalently reads

Vip =1y e R :y" pi(B) = ci(B)},
pi(B) = A(ATA+ BGTG)'G],
where

ci(B)=06; — BOTG(ATA+ BGTG)"'G].
We can have p;(8) = O only if rank A < p and B is
such that G! € ker A(AT A+ BGT G)7!: the latter is a
system of r polynomials of degree p. If there are B > 0
satisfying this system, they form a finite, discrete set of
values. However, § in (35) will almost never belong to
such a set, so in general, p;(8) # 0. Then V{;; C R? is
an affine subspace of dimension g — 1. More generally,
we have the implication

di €{l,...,r} suchthat G;&X;(y)=206;

,
=y € U V{i}.
i=1

The union on the right side is composed of r subspaces
of R? of dimension ¢ — 1. The chance that noisy data
come across this union is null. Hence, the chance that
noisy data y yield a minimizer X(y) which satisfies
G;X(y) = 0;, even for one index i, is null.



4.3. Commentary

4.3.1. On Conditions (a) and (b).  For the data-fidelity
term given in (7),
Dipy(x,y)= —2HTHA, V(x,y) e R xR,

where rank H” H = ¢. For the ECT and TCT applica-
tions, given in (8), we have

Dipy(x, y) = (diag(alx,....alx)) "' A (ECT),
Dpy(x,y)=A (TCT),

where aiT, fori = 1,...,q, are the rows of A. The
diagonal matrix in the expression for ECT is always
positive definite, since x € (R} )” and the entries of A
are non-negative. In all these cases,

rank Dy, f(x, y) = rank Dip Y (x, y) = rank A.

If the constraint in (11) is absent, E = R”, [1g = I,
fle = fand ¥ |g = ¥, and pr = p. The condi-
tion in (33) reads rank G > p — rank A and it van-
ishes if rank A = p. If the constraint in (11) is applied,
rank Dp v | g(x, y) = rank (ATlg). If ker A N E = 0,
we find rank D1, | g(x, y) = pg. For a good choice
of the operators {G;} in (5), we have rank (G;I1g) =
rank G;, for all i, and then rank (GI1g) = rank G.

Observe that the conclusion of Example 5 is indepen-
dent of rank A, provided that ker(A” A) Nker(GT G) =
{0}. This fact suggests that (29) and (33) are quite
strong sufficient conditions, and that the conclusions of
Theorems 3 and 4 hold even if they fail. The latter is
corroborated by the numerical experiments: the images
in Fig. 3, restored using smooth regularization, satisfy
G;x # 0, foralli.

4.3.2. On the Minimizer Function X. By Lemma 2
it is seen that if for every y € F, f(.,y) is convex
and D,z(., y) is positive definite on £, there is a unique
C"~! minimizer function X : F — & for f(., F).
The latter conditions are satisfied if f is of the form
(5)—(7) where HA is one-to-one, and {¢;} are C" and
convex. Non-convex functions f of the form (5)—(7),
where HA is one-to-one and @ is C"™ and satisfies some
loose requirements, are considered in [ 18]. The analysis
there shows that for almost every y € R? (except those
contained in a closed, negligible subset of R?), every
local minimizer & of f(., y) results from a C"~! local
minimizer function X.
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4.3.3. Significance of the Results. Theorems 3 and 4
and Proposition 4 reveal that the minimizers of smooth
cost-functions, corresponding to noisy data, can almost
never satisfy weak constraints as those given in (2). The
reason is that all data points y, which may give rise to
g(X(¥)) = 6 for some local minimizer function X,
are contained in closed negligible subsets of F. The
chance that noisy data come across such sets is null.
In particular, no smooth cost-function dependant on
noisy data yields minimizers which are constant on
some regions—this is nicely demonstrated by Fig. 3
(a), (b) and (c).

In some applications it is important to know whether
the minimizers X of a cost-function f can avoid a given
constraint g(X¥) = 6, where g is a general function. E.g.,
in some signal processing applications, one is seek-
ing a non-singular covariance matrix X € RP*P. Al-
though the set {x € R”*? : det(x) = 0} is closed and
negligible in R”*” [41], the question whether the set
{y € F : det(X(y)) = 0} is negligible in F when f
is smooth, remains. Generalization to non-affine weak
constraints is a problem to consider.

Incidentally, Remark 3 and Lemma 3 provide an in-
structive comparison of the ranks of DA’ correspond-
ing to a non-smooth, and to a smooth cost-function,
respectively.

5. Restoration of an Image

By way of illustration, we present the restoration of a
blurred, noisy 128 x 128 synthetic image using both
non-smooth and smooth regularized cost-functions.
The original image in Fig. 1(a) presents smoothly vary-
ing regions, constant regions and sharp edges. Data in
Fig. 1(b) correspond to y = a * x +n, where a is a blur
operator with entries a; ; = exp (—@? + j*)/12.5) for
—4 =i, j = 4, and n is white Gaussian noise yielding
20 dB of SNR. The amplitudes of the original image
are in the range of [0, 1.32] and those of the data in
[—5, 50]. All restorations are calculated by minimiz-

ing

fay=llaxx—yIP+pY_ > ¢(xi;—xi,

(i.j) (k.DeU;;
where Ui,j = {(l - 17 J)a (lvj - 1)}’

for 1 =i, j = 128, and boundary condition x; o = x; |
and x;; = x1,j, as well as xjp9; = Xxy28; and
Xj120 = Xj128. Thus, with every pixel (i, j), we
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(b) Data

(a) Original image

Figure 1. The original image contains weakly varying and constant
regions, separated by edges. Data are a blurred and noisy version of
the original image.

associated gi{j(x) =X;j — Xj—1,j and gi%j(x) =X —
x;j—1, along with 6! ; = 67, = 0. All restored images
below correspond with different functions ¢ among
those given in (10), and @ and B are set experimentally.
(Notice that the properties we illustrate are indepen-
dent of the exact value of o and B.) In all figures, the
obtained minimizers are displayed on the top, while
below we give three sections of the restored images,
corresponding to rows 35, 54 and 90.

In the experiments in Fig. 2, ¢ is non-smooth at
zero. Figure 2(a) illustrates a minimizer of the total-
variation cost-function, where ¢(t) = ¢ and g = 80.
This image is constant on many regions. The minimizer
in Fig. 2(b) is obtained using ¢(f) = ot /(1 + at), and
(¢ =20, B = 100). It is composed of mainly constant
regions. A “0-1” function, ¢(¢) = 1—1l;=0), along with
B = 25,isapplied in Fig. 2(c). The corresponding ¢ has
infinite one-sided derivatives at zero. Although such
functions are not considered in this paper, the relevant
minimizers behave similarly. In all these images, con-
stant regions are naturally encircled by closed contours
which justifies the use of non-smooth regularization for
the segmentation images.

The minimizers in Fig. 3 correspond to functions
@ which are smooth at zero. The image in Fig. 3(a)
corresponds to ¢(t) = t* and (@ = 14,8 = 7). It
presents a smoothly varying surface. The minimizer in
Fig. 3(b) is defined using ¢(t) = at?/(1 + at?), and
(¢ = 25, B = 35). It exhibits both smoothly varying
regions and sharp edges, but contours are not closed.
The restoration in Fig. 3(c) is obtained using ¢(t) =
min{1, a¢?}, for (a = 60, B = 10). The resultantimage
corroborates Theorem 4, since it exhibits weakly vary-
ing zones.

Row 35

al il [ Ir

Row 35

ROW 4

5
-

ROW

D4

oW 24

=

ROW U

:

[8)

:
:

WU

Row 90

(a) o(t) =1

Figure 2. Restoration using non-smooth regularization.

(b) ¢(t) = at/(1 + at)

(c) o(t) =1 = T=g)
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@

o M M
Row H4 Row 54 Row 54
Row 90 Row 90 Row 90

(a) o(t) = to

Figure 3. Restoration using smooth regularization.

All minimizers presented here are calculated us-
ing a generalized graduated non-convexity method
presented in [33]. The images for which ¢ is non-
convex may correspond to local minimizers which are
not global. Recall that our theory holds for any local
minimizers.

6. Conclusion

We introduced the notion of weakly constrained mini-
mization as the possibility that the local minimizers of
a cost-function satisfy a varying subset of constraints.
We focused on affine constraints. We provided suffi-
cient conditions ensuring that the local minimizers of
cost-functions satisfy a set of weak constraints when
data ranges over open subsets. We saw that the rele-
vant cost-functions are non-smooth at all points satis-
fying these constraints. We proved that in contrast, the
minimizers of smooth cost-functions can almost never
satisfy weak constraints. All these results were applied
to possibly constrained regularized cost-functions. As-
sumptions were justified and analytical examples were

(b) &(t) = at?/(1 + at?)

(¢) ¢(t) = min{1, at?}

presented. A numerical experiment illustrates our
theoretical results.

Appendix

Proof of Lemma 1: Since f(., ) has a minimum at
X, there is 0 > 0 such that for every r € (0, o) and
ue ENS,wehave f(X +tu, y)— f(X,¥) =20, and
hence (f (X + tu, y) — f(%,¥))/t = 0. Then

- FG
mf JEFD—TED S 0y cEns
t€(0,0) t

At the limit when o N\ 0, we get the result. O

Example 6 (Infinite one-sided derivative). Consider
the function f : R x R — R defined by

fx,y) = —y)7* + Bo®x),

where ¢(0) =0 and ¢@(x)=1, Vx#O0.

Using Definition 3 we find ¢(0)(1) = ¢'(0T) = oo.
We have g(x) = x,0 = 0,and £(0) = {1}and £(x) = ¢
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if x # 0. There are two local minimizer functions on
R, namely X(y) = 0 and X»(y) = y, which merge at
y = 0. There is a global minimum at X (y) if |y| = /B

and at X(y) if |y| Z V/B.

Example 1 (Detail). Foranyx € Kyjyandu e K{JI},
we calculate &;f using Definition 2. We have

f(x+fu»}’)_f(x7)’)
t

1
—uw) (24sin— ) ifuy > us,
n (1 Mz)( + l(bt]-btz)) up > up
—(uy — up) — t(u; — un)? if u;y = uo,

=Dy(x,y)u+ t(u% + u%)

where Diyr(x, y) = 2x1 — y1 — y2, 2x2 — y1 + y2).
Ifo >0andu € Kﬁ} with u # 0, then

. f(x‘f‘f“,}’)_f(x,)’)
inf

= Dy(x, yu

ot ; 1 (x,y)
[y — uz| if uy > us,
—(uy —up) +ouguy,  ifuy = us,

where we use the facts that wuu, =0 for u €
K{ll}, and that for every o >0, and for every x =0,

i(r(}f ) (kt +2 +sin(1/¢)) = 1. Taking the limit when
te(0,0

o \ 0 shows that for any x € Ky,

81.f(x, y)u) = Diyr(x, y)u +|uy —uz|,  Vu € Kjj,.
Since x € Ky and u € K{Ll} entail that x u; + xu, =
0 and y;(u; + uy) = 0, we get (17).

Proof of Theorem 1: The result is trivial if L = 0,
since Ky = & and K@L = {0}. So consider that
L is nonempty. From Assumption 1, the application
u — 8 f(X, ¥)(u) is lower semi-continuous on K,J: ns.
Combining this with (a), and with the compactness of
K i N S, shows that there exists k > O such that

S1fR, )=k, YueKkpinSs. (37)

By Assumption 1 yet again, with every u € K;- N S
there is associated p, > 0, with (B(X, p,) N K1) C
N; and B(¥, p,) C N, such that for every (x, y) €
(B, o) N K1) X B(F, pu),

81 (VW) Z 6 f(E W) — 5 Z 3
Vu' € B(u, p,)NKi NS, (38)

where the last inequality comes from (37). The set
{Bu,p,) NK; NS : u € Ki N S} is an open cov-
ering of KLL N S. Since Kf N S is compact, we can
extract a finite sub-covering, say
{(Bw', p)NK;FNS:u eKiNS
fori =1,...,m}. 39)
Put p; := min{p, : i = 1..., m}. By (38), for every
(x,y) € (B(X, p1) NKL) x B(¥, p1) we have
/! > K
Sifx, M) = 5

Yu' € B, ps)NKr NS, VYi=1,...,m.

Combining this result with (39) shows that

(x,y) € (B(x, p) NKL) x B, p1)
= 81 f(x, Y)u) = % Vue KNS, (40)
By Assumption 2, there exists p, € (0, p;] such that if
(x,y) € (B(X, p2) NKL) x B(¥, p2), then

J4tu,y) — fx, y)
t

€ (0, inf
o€ ( p2)=>‘zel(%,a)

—81 f(x, y)(u) YueKinSs.

K
< —,

4
It follows that for every (x, y) € (B(%, po) N Kp) x
B(y, p2),

f(x+fu»)’)_f(x7)’)

1€(0,m) = ;

K
4

Z8fx, ) -+ = YueKi NS,

K
49

where the last lower bound is due to (40). Consequently,

(x.y) € (B&. p2) N K1) x B(. p2) = f(x +u. )
—fx, =z §||u||, Vu € KN B, p)). (41)

Now, condition (b) shows that there exists p3 €
(0, p2] such that

vy € B(. p3) = XL(y) € B(fc, %) (42)
Put

X(y) == AL(y), Vy e B(,p3). (43)



For an arbitrary y € B(¥, p3), we consider

fXQ) +u,y)— (X)), y)
= f(X()+uo+u,y)— f(XQ)+u,y)
+ (X (Y) +uo, y) — f(X (), ¥), (44)

where u € E is an arbitrary direction which is decom-
posed into

u=uy+u withuye K, and wu € K.

Let u € B(0, p3/2), then X(y)+uy € B(X, po) N Ky,
by (42) and (43). The latter, jointly with the facts that
y € B(¥, p2)anduy € KiNB(0, p,), allows us to apply
(41) by identifying X'(y) 4 uy with x and w; with u:

X)) +u +u, y) — f(XQ)+ u, y)
> %nmn > 0,Vu e B(O, %) with i # 0.
(45)

Condition (b) shows also that there exists o4 €
(0, p2/2], such that

FEXG) +u, y) — f(X(Y), ») 20,
Yu € B(0,04) with uy # 0, (46)

where the inequality is strict if &, is a strict local
minimizer function. Introducing (45) and (46) into
(44) shows that f(X(y) + u,y) — f(X(3),y) > 0,
for every u € B(0,04)\ K., and f(X(y) + u,y) —
f(X®»),y) =0, forevery u € B(0, 04) N K. Hence,
f(., y) reaches a local minimum at X'(y), and the lat-
ter is strict whenever X is a strict local minimizer
function. The same conclusion will be obtained for all
X (y) corresponding to y € B(¥, p3), hence X is a lo-
cal minimizer function. Since for every y € B(y, p3)
we have X(y) € K, (18) is satisfied and V, D
B(j}’ :03) g

Proof of Proposition 1: If L is empty, the do-
main of §; f is empty. Consider in the following that
L is nonempty. Define the function (x, y,?,u’) —

Ay f(x, ), u) by

f(x+tu,7y)_f(x7y)

A fGe,y)t,u') = ;

Weakly Constrained Minimization 169

Consider an arbitrary u € K;-NS. Letus fix an arbitrary
& > 0. By Definition 35, there exists p; > 0, such that
(B(%, p1) NKL) C Nz and B(3, p1) C N, and

t€(0, p1) =181 f(x, )W) — Arf(x, y)(t, u)]
e
;5, Vx € N;, Vy e N, Vu' e K N S.
@7)
Choose 9 € (0, p;/2). Being continuous, f is uni-
formly continuous on the compact (B(x, p1) N ) x
B(9, p1). Then there exists p, € (0, p1/2) such that if

(x,y) € (B&, p2)NKL) X B(y, p2)and u’ € Kf_- ns,
then x + fou’ € B(X, p1) N K and we have

to€

| f(R +tou,y)— f(x + l‘ou/, I = ? and
FG ) — Foy)l = %8

It follows that for every (x, y) € (B(X, p2) N Kp) x
B(y, p2) and u’ € Ki- N S we have

|ALf (R, 9o, u) — A1 f(x, y)(to, u)]
1
= glf(fC +tou, §) — (&, 5) — f(x +1ou’, )

I3
+ f(xs )’)| é gs
and then, using (47),

|81 f (&, $)() — 81 f (x, y)@)
= (61, ) — ALf(E, $)(o, w)l
+IALf &, §)(to, u) — Ay f(x, y)(to, u)]

+ 181 f(x, ') = Ay f(x, y)(to, u)]
e & ¢

=Sc+5+ 5
3 3 3

Then (x,y,u’) — 8 f(x,y)w’) is continuous at
(%, y,u). The same holds for every u € Ki N

S. U

Proof of Proposition 2: If L = (J, then I, = £ and
f = fois C™. We will consider that L is nonempty.
Let X € K, N N, be such that G;X # 6; forall i € L°.
Let y € N,. Choose an arbitrary ¢ > 0. Consider the
decomposition of f givenin (21). First we focus on fj.
If L€ is nonempty, put
pr = (minGi —6,1) (max suplGul)
ieLe ieLe

ues

(48)
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Then p; >0 and by HI1, every ¢;, corresponding to
iel,isC"on B(x,p)NE L =0, put py = 1.
Moreover, there is p, € (0, py) such that (B(x, p) N
E)x B(y, p2) C Ny xNy.Then fyis C™ on(B(%, p2)N
&) x B(y, p2). For arbitrary y € B(y, p2) and u €
Ki NS, consider the second-order Taylor expansion of
fo(., y) about an arbitrary x € B(X, p2/2) N Ky,

Jox +1u, y) — folx, y)
t

1
= t/ (1— s)foo(x + stu, y)(u,u)ds,
0

- D]f()(x, )’)M

where x + tu € (B(x, pp) N E) if t € [0, po/2]. The
function

1
t,u,x,y)— ‘/ (11— s)Dlzfo(x + stu, y)(u, u) ds
0

is continuous on [0, p»/2] x (Ki- N S) x B(X, p2/2) x
B(9, p2). The latter set being compact, the function
above is upper bounded on this set by a constantx; > 0.
Put

3 27 2 |

Then for every (x, y) € (B(X, p3) N KL) x B(¥, p3)
and for every u € K;- N S,

Jolx +tu, y) — folx, y)
t

1€ (0, p3) =

=Dy folx, y).u| =Kkt =

. (49)

N ™

Next we focus on f. By (20) and (21), for every
u € E and x € K we have

frx) =) "¢i(0) and

ielL

frle+1u) =B ¢i(tGu), Vx € Ky.

ielL

Using H2 and Definition 3, for every x € K, the
application 6 f;, is well defined and reads

SfL0)w) =B 8¢;(0)Giu), YueE, (50)

ieL

where §¢;(0)(G;u) = 0if G;u = O for somei € L. By
H2, for every i € L there is p; > 0, such that

@i(tv) — ¢ (0)
t

t €, p)=> — 8¢ (0)(v)

<% weRrns.
2rp

Put

—1
py = min { ps, (minp; ) (max sup [Gull) }.
le

el yes

Ift € (0, py), then foralli € L we have ¢||G;ul < p;,
for all u € S. Hence

t€(0,p4) =

i((1Giu) — ¢i(0
M — 50:(0)(Gyu0)

YueK;inNS, Viel.

&
< —
2rpB

This, combined with (50), shows that for all x € K
and forall u € K3 N S,

L e, pp = |TEET ”;) — I sp cow)
i(tGiu) — @i (0
=5 Z(—“’(I 2 “’()—amoxG,-u))‘
ielL
i(tGiu) — (0
sy i) — ¢i(0) ”z 2O _ 500Gy
ieL . .

Combining (49) and (51) entails that for every (x, y) €
(B(%, pa) NKL) x B(F, p4),

t €0, ps) =
flx +tu,};) — S y) — 81 f(x, y)(u)

Jolx + tu, y) — folx,y)
t

frx +tu) — fr(x)
t

— D f(x,y).u

[IA

+

— 8fL(x)(u)

A

& & 1
§+5, VMEKLOS

We can take Ny = Kp N B(X,p4) and N =
B(¥, pa). O



Proof of Theorem 2: The proof consists in show-
ing how to apply Theorem 1. Let us fix an ar-
bitrary xo € E. For every i = 1,...,r, define
g E—>Rby
g&i(x) = Gixo + G;Ilg(x — xo), Vx € E,

where I1g is the orthogonal projection on E. Then for
every x € &, and foralli = 1,...,r, we have the
equivalence: g;(x) = 6; if, and only if, G;x = 6;. The
applications {g;} are of the form of those considered
in Theorem 1. Furthermore, (3) and (6) yield the same
set L = £(x), for all x € £, and (4) and (20) define the
same affine subspace /C; .

By Proposition 2, (%, y) is contained in a neighbor-
hood (N; x N') C (N, NKL) x N such that f admits
a one-sided derivative application §; f which is uni-
formly defined on Nz x N’ x (Ki N S). Combining this
with Proposition 1 shows that Assumptions 1 and 2 of
Theorem 1 are satisfied. Furthermore, using (50), for
every u € Ki‘ N S we have

81f (&, $)w) = Dy fo(®, P + 8fL(E)(w)
= Dy fol%, P+ BY_ 8¢i(0)(Giu).

ielL

Condition (a) is equivalent to &; f (X, ¥)(u) > 0, for all
u e KIJ; N S. The result follows from Theorem 1. [

Proof of Proposition 3: Clearly, ¢ satisfies H1. Fur-
thermore, for any u € R* we have

— @0
M = ¢'(0) lull > 0,

S0 =1
#(O)w) = lim
which shows that §¢(0) is well defined. By the defini-
tion of ¢’(0"), for ¢ > 0, there is p > 0 such that
—¢'(0%)

'w <e, Vte(0,p).

The above inequality holds if we write t||u|| for u €
R* N S in place of 7:

— (0
‘M —¢'(0") ||u||‘

’fp(tu) —¢0)
t

—8p(0)(u)| < &.

Hence (¢(tu) — ¢(0))/t converges towards d¢(0)(u)
when ¢ N\ 0 uniformly on S. (]
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Proof of Lemma 3: Since & is a local minimizer
function, D f(X(y),y) = 0, for all y € N. The set
N being open, we differentiate with respect to y both
sides of the last equation:

DI f(X(y),y) DX(y)= —Diaf(X(y),y), Vy € N.

Identifying the above differentials with their respective
Jacobian matrices, we have

rank Dy f(X(y), ¥)
= min{rankD%f(X(y), y), rank DX(y)}, Vy e N.

Consequently, rank DX (y) = rank Dy, f (X (y), y), for
ally e N.

Proof of Theorem 3: Let G € L(E, R®) be the lin-
ear operator corresponding with g. Then Dg(X(y)) =
GDX(y) € L(F,R*), forall y € N. Using a rank in-
equality [25] and Lemma 3, we find that forall y € N,

rank (GDX(y)) Z rank G + rank DX (y) — p
Z rank G + rank Dy, f(X(y), y) — p
= rank Dg(X(y)) + rank D1, f(X(y), y) — p,

since rank G = rank Dg(x), for all x € £. Then from
condition (29),

rank (GDX(y)) =1, VyeN. (52)

Consider that ‘;N is nonempty. From (30), g (X (y)) =

0, for all y €Vy. Differentiating with respect to y both
sides of this identity shows that for every y eVy, we
have GDX(y) = 0 and hence rank (GDX(y)) = 0.
But this contradicts (52) since Vy C N. It follows that
Viy = @. This proves (i).

Consider an arbitrary compact N’ C N. Let the
components of g and G be denoted g; : £ — R
and G; € L(E,R), respectively, for i = 1,...,s.
Focus on some ¥ € N’. From (52), there is an in-
dex j; € {1,..., s} such that G; DX (¥) # 0. Since
X is C!, there is p; > 0, with B(3, p;) C N,
such that

y € B(§, p3) = G;;DX(y) # 0,
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and hence rank (G ;, DX (y)) = 1. It follows that the set

V= {y € B(3. py) : 8, (X() = 0}

is a C'-manifold of dimension p — 1 [23, 30, 41]. By
the continuity of X on N, the set \79 N N’ is closed
in F. Such a \7}, can be found for every y € N'. The
resulting set { B(y, p,) : y € N'}is an open covering of
N’. Since N’ is compact, there is a finite set of points,
say y' € N’,fori =1, ..., m, such that

m
N c|JBO . pi). where p; = py.

i=1

Put also j; := j, and V; := V,, for every i =
1,...,m. Using (30), foreveryi =1, ..., m,

Vv N B(, pi) ={y € NNBG, pi): g(X(y)) = 6}
C{y e NNBG', p):g;, (X)) =0;)}
=V,NN c V.

Noticing that Vy: = U, (Vy N B(Y', pi)), we find
that

m m
Vv C ‘7, NN C U ‘7,

i=1 i=1
The term in the middle is closed in F and the term on
the right is a finite union of manifolds of dimension
p — 1. Hence the result. O

Proof of Proposition 4: Suppose that there is
(X,¥) € M such that f(.,y) has a local minimum
at X. From (31), there is a direction u € E for
which —8; f(&, ¥)(—u) > 8 f(%, )(u). But Lemma 1
implies that —8; f(£, §)(—u) = 0 = & f(X, )(w),
which contradicts the former inequality. It follows that
(X,9) € M and hence (X (N) x N) C M°. By assump-
tion, M€ is an open subset of £ x F, hence there is
an open subset N, C & such that X(N) C N, and
(Ny x N) C M¢°. Then f is twice differentiable on
N, x N. Theorem 3 can be applied and yields the
result. O

Proof of Theorem 4: For some fixed xo € &, con-
sider the affine operator g : £ — R* given by

gx) = Gxg+ Glg(x —xg), Vxel.

Then rank Dg(x) = rank (GIIg), forall x € £. If we
identify f with f | ¢ and p with pg, we see that the con-
dition in (29) is satisfied, since Dijp f |¢ = DY | ¢.
Using that X' (y) € &, forall y € N, (34) reads

VL,N’ = {y € N/ N GHE (X(y) —Xo) = 9 — Gxo}
={yeN:g(X©») =0}

IfT, =@, foralli =1, ..., r, the result follows from
Theorem 3.

Otherwise, the set M introduced in (31) is nonempty
and reads

M=\ |M; xRe, (53)

i=1
where M; ={x € £ : G;x — 6, € T;}.

Let us focus on some i € {1, ..., r} for which T; # 0.
For an arbitrary ¥ € M;, we have 7 := G;Xx — 6; € T;.
Since 7; C R is a C!'-manifold of dimension s — 1 (see
H4), with this 7 there are associated a neighborhood
N c R, withz € N, and a C'-functionk : N — R,
so that [23, 30, 41]

eNnT & | FO=0 (54)
¢ ' rank Dk(z) = 1.

Furthermore, there is p >0 such that every x €
B(x, p) N & yields G;x — 6; € N. Define now the
function

k(x) = k(Gix — 6;), forevery x € B(X, p)NE.

Since by (53),every x € B(X, p)NM; yields G;x—6; €
T; N N, then (54) shows that

k(x) =0, forevery x € M; N B(%, p). (55)

We have Dk € L(E, R) and

Dk(x) = Dk(G;x — 6;) (G;TIg),
forevery x € B(X, p)NE.

Suppose that for some x € B(X, p) N € we have
Dk(x) = 0. Since Dk(z) € L(R®, R), for z € N, and
rank (G;I1g) = s, it follows that Dk(G;x — 6;) = 0.
However, if x € M; N B(%, p),then G;x —6; € ;NN



and (54) ensures that Dk(G;x — 6;) # 0. We deduce
that

rank Dk(x)=1, Vxe M;NB&, p). (56)
Combining (55) and (56) shows that M; N B(X, p) is
a manifold of dimension py — 1, included in £. Since
the same considerations can be developed for every X €
M; , itfollows that M; is amanifold of dimension pg—1,
included in £. Hence, M is the union of » manifolds of
dimension pg — 1 4 ¢, included in £ x R?, hence it is
a closed, negligible subset of £ x RY. The conclusion
follows from Proposition 4. (]

Example 3 (Remainder). We first simplify the expres-
sion of f using the following change of variables:

7 =X; —X;y1 for
i=1,...,.p—1,
Zp = Xp.

z = Gx such that

Consider then the function f(z, y) = f(G’lz, y),

p—1
feyy=1Bz=yIP+8)_ Izl

i=l (57)
where B = AG™".

Although we analyze f, the results about f follow from
the fact that for every y € R?,

¥ =argmin f(x,y) & =Gi=argmin f(z,y).

Correspondingly, the minimizer function Z for
f(., R9) satisfies Z = GX. For f as given in (58),
L) =1{i €{l,...,p—1}: z; = 0}. Choose some
Lc{l,...,p—1}suchthatO0 < #L < p —1.Choose
then Z € R” suchthat £(Z) = L,thatisZ; = Ofori € L
and Z; # 0 fori € L. Put b; to denote the ith column
of B, fori = 1,..., p. Let the matrix B; be obtained
from B by equating to zero all columns of B whose
indexes belong to L. Then for any z € R?,

BLZ = Z biZi + prp.
ieLe
With these notations, define the sets

ZbiT y = ZbiT BrZ
+ Bsign(z;), Yi € LC }, (58)
2[95 y = 2b£ B, Z

I; ={yeR?:
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Jo:={yeR!:—B+2b/ B 2 <2b] y<
B+ 2b BL2, Viel}. (59)

Since B is invertible, I; is an affine subspace of dimen-
sion p —#L° — 1 = #L, J; is a polyhedron of R?, and
their intersection,

Wi =1 N J;,

is a polyhedron of dimension #L. Next we verify that
our initial point ? is the minimizer of f(., y) for every
y € W;. With the present notations, K, = K;, = {u €
R? :u; = 0,Vi eL}andKle{u e R? : u; =
0, Vi € L¢}. The restriction of f(., y) to IC; reads

FleGy) =Bz = yIP+ Y Izl

ieLe

Since Z; # 0, Vi € L€, thereis p > O such that z; # 0,
Vi € L¢, forall z € B(2, p). Then f |, (., y)is C®
on B(Z, p) and reaches its minimum at the point where
its differential is null. By (58),

yeli & Di(f|x)E y)=0. (60)

Noticing that Z € K entails that BZ = B, Z, the side-
derivative of f(., y)atZforanyu € K f reads

5If G W) =2(BLz =y Bu+B) lul.

ielL

Then saying that 8, f(2, y)(u) > 0, for every u € Ki-,
is equivalent to

12(BL2—y) Brul < B E |u;|, Yu € Ki,
ielL
and hence to

—B> luil +2(BL2) Bu <2y"Bu <

ieL
B luil +2(BL2)" Bu, VueKj.
ieL
Let{e; : i = 1,..., p} denote the canonical basis of

RP. Noticing that KLl = span {e;, i € L}, we consider
the above inequality for u = ¢;, foralli € L. Recalling
that B e; = b;, for every i € L, (59) shows that

yeli © 8 f&y)u) >0, VuekKi. (61)
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By Theorem 2, the right sides of (60) and (61) show
that 2 is the minimizer of f(., y) for every y € W;.
Equivalently, & = G~!2 is the minimizer of f(., y) for
every y € W;. Hence Assertion 1.

Foro € {—1, +1}7, put

Qro:={z€Kp:z; #0, Vi € L)

_ ». =0, VielL
_{ZER .O’iZi>0,Vl’ELC

Clearly, each QO , isaquadrant of K L soits dimension
is p — #L. Then define the set

. M. Black and A. Rangarajan, “On the unification of line pro-
cesses, outlier rejection, and robust statistics with applications to
early vision,” International Journal of Computer Vision, Vol. 19,
pp. 57-91, 1996.

. A. Blake and A. Zisserman, Visual Reconstruction, The MIT
Press: Cambridge, 1987.

. J. Bonnans and A. Shapiro, Perturbation Analysis of Optimiza-
tion Problems, Springer-Verlag: New York, 2000.

. C.Bouman and K. Sauer, “A generalized Gaussian image model
for edge-preserving MAP estimation,” IEEE Transactions on Im-
age Processing, Vol. 2, pp. 296-310, 1993.

. C. Bouman and K. Sauer, “A unified approach to statistical to-
mography using coordinate descent optimization,” I[EEE Trans-
actions on Image Processing, Vol. 5, pp. 480-492, 1996.

26! 'y =2b] By Qp.o +0if, Vi € L,

Vie:=1yeR?: 207y =2b" B, Qp.,,

B 26T By Qry < 2bT y <200 By Q14 + .

Viel.

Every such V,, , is an unbounded polyhedron of RY.
Based on (58) and (59), the set V; mentioned in
Assertion 2 can be taken of the form

V.= U U Vie.

ieLe  o;e{—1,1}

Each V; is hence the union of 27 ~#£~! unbounded poly-
hedra of RY. Notice also that

Vip-y = {y € Rz |26 y| <p.Vi=1,...,p—1}

and Vg:{yeRq:|2biTy|>,B,Vi:1,...,p—1}.

For the particular case when B is the identity, we find

ifiel,
ifi € L°.

lyil < B/2

7, =
il > /2

yeR?:

Notice that the set mentioned in (26) reads V;, =
Upse V.
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